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1 Executive summary
This resaarch in d with developing theory, algonithma, and appli of model-bused, closed-

Mhmdluﬁbmmdthghimnm The effrss are conternd
around the oo 1o losed-foop flew and flight control for sabilization and regulation of
d flows i
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envelope.

o dewoastratians in a0 unieady wind, a computer erptive Lmyeciory syviem hat boen implo-
mnﬂhmnmmmmﬂﬂwwmdmwﬂnmmhwﬁmm
The alulity W ¢ eance] d with gusting fr flow was &
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wory wed 15 obunm lmcer modsls of the separaiod flow, and it was shown tat the transient Rt response can
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control arch the umencale tated with the time for the actuatoe-produced
10 be d and swept along the wing C enting this limitation in future will requirc
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d dicectly using ons and modd-based control, 21 discussod belowc

A suite of somputational fiusd dyrisnics (CFDY, reduced-ander modeling (ROM), and coatroj dessgn
ook were almo developed in arder W study advanced concepts For model-based control of astodynamic
forces. The algorithms provide for » fast computational eovirvament where advanced snalytical lechaiques
for mode! redustion and contral dexign are dicestly islegratod 1o provide & closed-loop Sow control sonlkil,
with goneral applicatality to fesdbesk control m external ffows The complex phywics associated with sall-
ﬂkwmlmmdwmﬂn‘h\vhwmm“n

n » novel oil ) faucility that provides state-of-tve-ant, real-me and holographic

flow rexonstructions to complement and valudatr the computahonal modets,

Major beaskihroughs are reported in the mathematics and algorithma {o rodncing complcx CFD mocdely
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however, POD models wad 1o be fragile. Tha fragility is wadenscod by the control theory commnity,
and slemative sechniques wh o balanced truncation snd aptimal Hanked sorm reduction offer more to-
bust perfarmance and theoretical beunds on errore. However, these techmiques tuve proviomty beeo fr o0
computstionaily expemive %0 parform oo » full CFD model. This repovis on developmant of approstimaic
bulanced arumeation, cafled balanced POD, that is computationalty tractablc for tage systems, aod produces
models mimost identical 1o thows from exact balanced runcaton. The iechmque is extondod w unstablc and
msmhmwwmwmlWMummﬂw«dﬂmmdwm“

BPOD models are used 10 design observer-based cootrol that is able 10 completely apprems vortex 1hodding
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i two-di ional samulati In additron, we examine the powsibility of wsing schuaion 1o
mw;.nmmumm.mmuwmuhMMmm
clower to the suction surface, resuting in kigher Lt These limil cycies arc mot robust 10 distrbancex, how
ever, and feodback control, hased on real-time tracking of the phasc of the hift luctuations, ix succemfulh
implemented in order to staditire these high Tift himt cyclen. In sddition, oplimal sootrul theory i used tw
find sctoator wevefonms thet mavmmee the period-aversged fifl, and these waveforms are then used togethor
with the phase lock oop ferdback control 10 achieve optimal-lift imit-cycle behavioe Threo-dimenisional
smulshons were performed for natural and sctuated flows over Jom aspect 1atio flat plates with rectangular,
semi-circulw, and delta-wing planforms a1 & variery of angles of mtack. For very low svpect ratw plates, the
tip vortices have & stalwlifng cndhaence on the vores shedding. Open-Joop actustot 1 ablc Yo stiemate and,
i some cases. completely suppress vartaa shedding. Finally, closed:loop control is applicd in the throe-
dimcnsone] simulsbons Ueng an extrermum-seeking Jpprosch, which s able 1s find optimal frequemiies of
actosiion.




2 Introduction

1n Gus section, we teview the roeent ltersture on netune] and sctustod two- mnd tiree-ds janal
fat platen and suforls, snd cffort ameed a2 open- and ¢losed-loop compal of separation for Uift enhancament.
drag rocuction, and other obyectives. We inclide 3a the discussion some of our own results that ere amplified
= lator soctions in this ropost.

1.1 Scparation and vortex shedding

We first conmder flow field and forces azsocisted with a fist plate or axfoul a1 an angle of stisck 10
otherwise uniform, sieady, sream of speed U, under the action of continuous, but unsteady, forcing from e
actustor. The chard length is ¢, and, unlcss otherwise mentioned, the planform ts recongular with beoadith
25 and an sspect ratio AR = 2b/c. The relovant Reynolds sumber is Re » 45 We first discuss the natural
(enforced) flow, snd. m the next section, sctusted (foroed) flows.

As the angle of antack. 0. 1% increascd, different rogions of scparsted flaw appear as & function of
tho sirfoll shape and Roynolds nomber  For laminae sirfoils, onset of sepanation wosld typically ocowr
munwmudmumuanw For fist plates and other thin airfoils,

on the wction surface) may procede the fully-atailed cond: We arv d here with 3
w(mmmummmmamm-.mwmm
shedding. oscillaocy forves, and the formation of s Kiomin vortex stroct in the wake. The froquency of
vortex shedding, 8 leant for the high AR case, follows 3 Strovhal scaling (Fage & Johansen 1927) with
$i= fesing/U = 0.15 10 0.2, where csina Is the projected area in the ditoction of the stream, sod the
Suouhal number is ncarly comstant % bigh Re.

As s discussod more fully @ section 5.1.3, for & wrictly 2D flas plate, the omet of vortex shedding
occun, much as it docs for 8 blufT body. as a f1op( bifurcation a2 critical value of Re or @ Abojs & Rowley
(20100) found Gpjy = 23°* at Re = 100 and Chen et al. (2010) found an Reyyy = 80 ot o fixed & = 30°.
For Re > Regyy, the same variation L shedding froquency with Re is observed as that on 8 curcular cylinder
(Roshko 1955). Based on the similarity with tho flow over s circulsr vylinder (a8 Barkley & Henderson
1996), i could be expeciod that & » highes Re the 2D vortex shodding would nderyo  further bifurcation
10 3D flow (sven for sn infieste plate), bul theso instabilitios are paly recesily heginniog to be studied
(Rodrigucz & Theofilis 2011). For low aspeet rstio, 3D fiat plates &t low Re. vortex shodding still ocours,
but dats is very limited. Taim & Colonius (20098) investigated Jow AR flat plates for Re = 300 and 300
over 3 pange of @ and for roctangular, clliptical, semi-circular, and deitashaped planformy. The anset of
voriex shedding is delayed to higher Re and @ as the sapoct ratio o docreased, due 10 8 stabwlizing influence
of the up vortices. As AR is increased beyood about 3, the iniial difurcation o vonex shedding coincides
with the velue for stnctly 2D flow

Mthd“muanhpuwhkhwwmmkm
1990). Nomimally 2D airfoils, and i particular, the symmetric NACA seriew, have been studicd the mont.
Huang et al. (200!} mosurcd the frequency of vorua shadding i the wake of 8 NACA 0012 over & wide
rmnge of post-stall valves of & up 10 Re = 0(10%) At sufficiently large Ra, the thin shear layer bounding the
wparation dieplays o Kelvin-Fletmbolty sutabulity {with St sbout 84 onder of magninude higher than vonex
shedding), and ultimately becomes turbulent (Brondel & Mueller 1988). The dominant shear layer imstabil-
wy froquency shows a power law dependence on Reynolds musmber, / ~ Re®, wanilar 10 circutar cylinders
Yarusevych et al. (2009). Like the cireulsr oytinder, separmed sirfuid flows typically show s heosd hand of
froquencics centered arvund the nominal chedding valor i the wake. potentially duc 1 the ineraction of

$ .

2004).
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ment, drag roduction, and other goals) have bren realiacd across » wide mnge of froquences. Here
m&m%wuhmﬁwmyuwnﬂwuﬁmm
frequency (disotmsed above), and “figh froquoncy” 10 refer 1o everything sigmiicantdy shove i, and o par
ticular 10 excitation of shoar-layer instabilities. As di d by Raju e al. (2008} (hereafier referred to as
RMC), a thind distinet tmescale exists when the (mesn) flow forms a closed recarcddation tabble an the sir-
foil surface. While these thive distinct timescales - shear layer, wake (vorex shodding), and (io some cases)
speration bubble-can be identifiod by examning velocity specirs moasared a1 different locatons (RMC),
the lack of such duta makes #t dilficult 1o make definitive statemonts shout their valucs in paxt experiments.
For example. for a turbulont separstion, Greenbini & Wygnanski (2000w) report an optimal value of f* = §
for » deflectod fiap (with te flap length ay the kength scale), where “optimal™ rofers 10 that frequency st
which s minimal actuation smplitude was foquired for reattachenent (in the mesa). sad they associate this
timescale with shawr-dnyer mstabilities, Using the simpic scading for the yortex shedding timeveale discussed
in the Laat soction, & = 0,15 = £57%. whore & i the flap dofloction angle, we conclude that & Typicsl vor-
tex shedding froquency would have /™~ > | when 8/ > 8%, one ca infer that wake snd/or separstion bubble
instabilities may equally have played a role. Seifert et ol (19960) wed cucillsory blowing st the lead-
ing edge of 3 NACAO0!S aicfoil at Re= 10%, and found IRt enhancoment and drag reduction over moge
0 f* < 2, with 2 brond maximum asound /™ = 0.75, which, for the range of 16" < a < 22* coasidered,
gives 0.2 < St < 024,

For lower Reynokis sumbers, Hsiao et al. (1994) acoustically foroed the Sow neax the lesding odge of &
fully scparated NACA 633-018 mrfoil and obscrved a strong enhancoment of vortea shedding, and the mean
LA, bus wwdy whon oxcitation wat close 10 the amtural vartex shedding frequency. The computational study
of RMC showed that for a NACA 4418 a1 Re = 40,000 and & = 18°, mhnwuhf>6wuw:¢ly
ineffectrve: i theie case, £~ = 12 was dentifiod as the ly amplified mthe
Jeyer. Mﬁunmﬁhhmlhwpd(mﬂnﬁd W)whnnbpad-
NACA 0018 {a = 207) el an inclmed fiat plate (@ = |3*) sbjected ® a0 clectrnagnotic actution. nes
the teading odge. For the plate, with 0.5 < £ < 3, the flow wax resttschod (the Lift enhancement was best
o7 = 0.7 (St 0.24), whonses /° > 6 had little effect on the scparation. For their inclined fiat plate,

& wavelet al 10 detect large-acale vortices in ti dved PTV data, which revealed
mmmdﬁbmwuhwmmh@m\cna
advecting down the plate por cycle of actuation, in e case of f~ = | (St = 0.23), and 10 Mwo coberent
vortices per cycle of actustion whea /™ = 0.5, both of which imply vortex shodding et St » 0.23. A similar
conftguiation (with & diclocwrio bemier disclurge actuator) was studied by Cineenblait et al. (2008) (ftat plate)
and Benerd ot ol (2008) (NACAQ01S). For the flat platc o @ = 20°, 0.3 < £~ < 0.6 provided the bemt Ut
enhancement, wheress /* > 3 was incflective, and smoke visualization st /* = 0.4 showed & strong vortex
advecting downstemm slong the chord, /™ = 1.5 was optimal for a NACA 0015 st @ = 16°.

ummmmmmumwmmmm It appeans that petiodic
but pulsarile actuation o1 modulatod high 6 can produce performance equal
wmem-umMm(AmthhuWWw-imwa
ctal 2008, Greesblaa ¢t al. 2008, Jor & Colonis 2010). fndecd. & appcars that pulios with m low 3 duty
cycie as 5% can be effective, (Groenblan ot al. 2008). In vur work presented below (section 5.2 4), we have
employed an adpoint-hased spproach m 4 low Reynokds number DNS 1 find the actustor sygnal (4 body forve
in this case) that gave the highest Lift. Indoed, the optimal signal was & ncarly peniodic pulsstile forcing at a
frequency close 1 that of the vorex shaddiag.

the differing timeseales and the effects of increasingly complicated and tarbalent wakes (Yaruscvych ot ol
2009). The situstion is more complicatod st valuex of @ nexr the anvet of fully sepurstod fow, where fur-
Mmukmubmdhwvauduw Fioally, wo
note that for flexible, membrane sirfoidls, Rogatemilod et al. (200%) found that the nataral voriex shodding et
pusi-sall angles was coupled 0 the membeane oscillatons.

22 Siweady-state actuated Bows
Mhmmumumnmwwuwwmn

mass, momentun, md/or encrgy fluces than steady blowing or suctson (Greenblatt & Wgnanasia 2000,
W--L:om) V'dﬁdhmﬂwmuhmmb‘m
2 with lift enh. of drag recuction are stl! debated. The dominant
hwuuu&mgwmm.numamumhm
scparaied shear layes leads 1 enhsncod sntrainment and the stendant naction of the shear layet o the courby
warface. eliminating o reducing the exient of the soparated region, and leading %o s tme-averaged flow ficld
MthMMFMMM.m&WJMWmu
d s part of » Kelv ! ity i the shear layes, o via s gobsl inwtability of the wake
or scpanation bubble, bu, as discussed in the previous section, the froquencics s which these imtabilines
ocour are distinct. Eapecially for low frequencics wnd high sngles of attack, though, lift enhancoment has
also been explained in tonns of vortex Lt (g Wa et al (1998)), through conceatration of vortical sructures
clomr to the murface of the platc.

For a speaafiod perodic sctustoe, airfoil geometry, and snghe of sfiack. oy nondimansional perfotmane
metric ') ts &t moat be a function of the Reynolds oumber, the sctustor waveform and nondimensionsl
P preasing its froq and amplitude. For the freq hmmdﬂmh-m
i 1" = §. For amplitude, the eflici -m-u.-;—;,,g.mu,
A, charsciercre the mean sndior Muctusting (ms) velocity and ares, respectively. of imjecoos, and 4 s the
planform seea. For both these quantitics, the chord length is sometimes roplaced by the length of the (natural.
anforced) sperstion bubble when the flow is not fully sepacried. Mean and fuctusting vakues of ¢, as low
a3 about 10 can be elfective (Groenblact & Wygnanski 2000a).

Greeenblan & Wygnanski (2000a) showed thet £, collapies dats obiained with soveral d:fTerent actustocs.
but, i general, it is difficull W (o compare duta from different sctstots and wavefiems, of wath charscier-
ang ¢ sctustor performance @ terme of 8 weloesty (0 mans flux) thet can depend en the pluminng for

achieved. In the controls communily this is known 24 the afevic sap a0d 1t is aa important wep in the design
of & cootrol symem. Reyoolde aumber effocts (6., Saifort &t al. 2004) bave also beea sudied. §lore the
mont pressing tusur is whether some reports of lifl enhencoment o deag reduction could be explained by
the saechanism of tripping the boundary layer 10 deisy of preveat separation. I is clear, bowever, hat there
romains an effoct of forcing st Re lower than thoss for which ripping can lead 10 8 turbulent boundary layer,
s well = 2t Nigh Re whan the boundary layer was wrbulent cvem in the sbsenco of tripping (Seifert ot al

TY!MH]"N“&“&‘M“&MM&h‘ydw.—ll-‘
oyl o s ardeew demury revding twe abhbuenal pareeter
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Al of the sbove studics have Socused on 2D pomctries, but our rescarch, dewcribed ja section § has
shown thet lesding-odge sctustion offur similar pesformance benefits, With similar values of momentum
coelficient snd frequency of sctustion, on low mapect-rito throc<dimensonal wings.

However, we nole that relatively fow studies have reporied unstcady flow metrics associated with fluc
usting forces as functicn of the actustion froquency. As pomted out by Amitay & Glezer {2002¢), eohance-
mdwwdqbyhcn-ﬂumdnwyhmhmm-dtn
comparcd 10 the bastlioe. Aside from being lly = mich unsteady effocts we
esycntial % undertand if closed-loop coatral hes arc 1o be . This is in grester
dotall in the next soctions.

23 Leading-edpe vortex

When & flst plate ot bagh angle of sttack s impulsively started, e srparating vormox sheet st the Jeading
and trailing odges roll up into a coberont leading and trailing edge vortices (LEV/TEV). The TEV (start-up
vortex) is mpidly thad inso the wake, while the LEV continues 10 grow for abour s chard-longth of aavel,
whaere the 1ift and drug reach their maximal values (withou regand to the additional added mass forve during
MMO&:MLWM.M&MMBA*:&MM&&M

that ts observed in s variety of flows (e.g Dubiri 2009). Rotational forces on flapping wings, on the other
haod, appest 1o prolong (stabilize) the LEV structure (Lentink & Dickinson 2009). For s tmasisting wing.
afer the initial LEV is shed, ahemating TEV and LEV of dintinishing amplitude are shed until periodic or
quasi-periodic vories shedding is stained. The “wxtra it force of the initial LEV kas borm measured bo be
25 much as 80% ahove the stomdy-state (time-sveraged) value (Dickinsan & Gotx 1993a), The LEV, and its
associated KB increment, are similar 10 the dynamic stall vartex that is produced and shed dusing rapid pitch
up 10 high angles of attack (e.g. Carr |9884).

24 Transicat response to sctuation

As discassed above, underaanding the transieat rosponse (o mitiation, tcrmination, ov other changes to
mmuw-umdwmmmmw

onal studies have d this ixsue. Amitay & Glezer (Amitay
AG-MMIMdhqmanm-ﬁx-btixld‘—lc-
17.5* 10 2 burst of high-frequency tynthetic jet actuation. The response of the actustor consists of several
cjection/suction phases of the actastor (f* = 10) with rapadly diminishing smplitade. The phasc-average
surculation fux in the wake was consideratie despite the low actustion smplitude ¢, @ 10°3, and consisted
«ummma_ummwnah@mmmumm
waks, and additi total duratios of the wansient respoase
nhm-um“mb&dwqﬂ-.xmmmm
units (1* = & = 10). The response t0 step changes in actuation has also been studied (Amitay & Gleaer
2002 Dacabi & Wygneaski 204a,5) and shows simiiarly long traneicnt times when logglng between fully
scparsted xnd controlled flow states, Similar 10 the burst of actuation, the forcod reattachment first results in
2 nogative worx Collowed by the hodding of large. posiive vartices. Darabi & Wygnanski (20046) sudiod
anmhuwuummﬂmmm a8 minimum.
when the actuation smphitude i safficicetly licd state 13 reached after shout 7 = 20. At
Mlﬂymlbnmbmhnwummdmbmdmmd




largewsale vorboes from the flap. Teggling off contiol results i trmaments of similar duzation, bux the sarty
ruspse lactudes the formation of a barge (positive) vores which Dambi & Wygnantki (20043) Jiken w the
DSV,

Similae experiments for Re = 10* 1o 10° have been conducied in the smmicirawlar airfoil i e [T wiad
el with |ending-edge pubied.ot or synthetic jet actusiors. These ary discussed i detall in socton 3, but
wo oot here thas they reval strikingly nemiar trsaments 10 the 2D srfoits and Baps previculy sticded.

15 Biclogical beachmarks for MAVY perfo sad rontrol

Blrds, kmccta, and bats offir enticing beschmarks for MAV md UAY performucce incladiag Jow craising
speod, sgibity, mmuwm These arc important hencherks for
MAVs and wnall LAVs wh  omvigation in urbe sonfimed weves sre cnt-
isal 10 mission vapabrlities Some utue propertics e of bic-flyers stee from the role of » stable LEV that
mwu.mw*u—tmmwhmuuuwm
thﬂMMthuuWﬂ {wing span 0

Mn&hw’rs #iong theee

Gow mperstion LEV amd OM\!@-MMQ-LWMMMM
& Krotit 2000) aned tapid somsservarmg i Wno-4lyens ace achieved tivugh carefis svnchroszation of vones
hedding 2s regulsicd by soymmetry and liming of wing-saokes. High-spoed video of insect maneuvers
hwhwnnmm&lwmh-—*-hm

saroke (Fry o al, 2003),
tamil mechapoans cannot frrweatly de apphed o fooud wing siesll, Oxept Groogh
comtrol susfaces that cannot reepond (due i mechanicel bandwidth consirainis, stess [imitations, sod air-

caalt inestia) 10 the {ast tinwscales roqoired for sgility, Fixed wing descgpas typically uee high AR W obtain
wmmq-ﬂ-mumamxmnﬁ-—mﬁuw-
poyiond capacity. Howewer, bigh AR severcly limits the
apeed and ocresswig alty uwmuwu»whwuunuum
serodyrmmice, wm mdwmwwmhmmm
. Fox wummple. wl low 10 moderate Re (102 b $0%) the et ) coefficiens for & very low
mmm.a«yu.)_wu»xmumtmmamm 1 thi iR
m-—uu‘lﬂ:!ual\muu‘.ﬂwwhu&nﬂyn”m

Jow AR seud bow Rs acrodvomancs w be achacved with fiued wiogs st lngher AR sod Re. Io thes roscarch,
we pursue the hyposbions that ciosed-loop control can stabilino the LEV/TV system (prevewong or delaying
eheddhog/ssall at high AOA), and. when desimble for maseuver, synchroaire vortex shodding 1o produce
munl.yu\-d*u—s T sditaon 10 Digher perfonmance, flow control sstitoes may
also ronder Note that in whet follows we use the terms susbiliation

M»uh“ﬂdwm&mnmmu
umteady force generntion (maencuver), rather than in any stnct mathematical sense.

26 Closing the loop

While open-lvop sutustion is capable of enhancng post-stall ht under steady (irgii condehons, there s
destinguish Twe goals of controliing actustiop with sesor-bessd feodback The first, and mare ambitious

9

L7 Reduced-order models

Mout svailable Deahods U dengning closnd- loop dlers maeguire knowledge of & math

mm-hmﬂmhmamummpwh--mm
the governing equaions are knows (the NavierSwkes equaions), and ia principle, these may be ued for
contsol design. For mesmnce, model-deaed optional conrcliery have boen spplied ® timistations of chaanel
MWI&M).M‘A.MM,‘M*AMMH“W&
mmquhnnhvdmhm\humwmkm

Most previous work in this wres har focuwd on Proper Orthogunal Detomposition (POD) Holmes ut al.
(1996, & merthod which extracts the enarpetically dominant festures in s flow. Howerar, in maoy froih
problems, low-energy feetures have bectn shown © have an imporuat effoct on the dynamics, and as &
romilt. models based oa POD ofkm pesfivmn ponrly Hak & Rowlcy (2008). For instance, cven models of
MMQ&MMnh*mﬂnmnﬂnhwm

Mdmﬁdhm-.wmudhmﬂh*u&‘dm

murdels. 1n previows work, the balanced POD procoshure hae beow developad far stable Lncar systems, sl
bese we inveatigele ity application 10 umstable oquilibrium points, as well as unstsble pariodic orbita (auch
28 vonex sheddmg).
MWMJMMMWuhkmuWhWM
5 1 e quires nfanmation of the fAow, These sl  camemee e
hmdhwbm-dﬁnﬂlwﬁhmumnhm
o of the belancod POD methed, tlere, we alan pumiue mediode of acfoinsfrre balsoced inodel cotuction,
0 thit systermatie redocas-order models thay be produced diroctly from experiomcntal data, without the aecd
for adposm smmitlatsons.

28 MURI Research Objectives

The overall goal of the MUR! sesvarch was to develop itegraved closh-ioop flow and flight comtrol Sor
MAV spphicatins Specilic objestive were 1o
* Develop cloved-oop flow conirel 1o exiend the parameter space for which stcady it can be mam-
ained 2 high angle of stack.
* Use comtrol w synchroniee vores shadding and improve muocuverability sod gust respomse, which
will uitemately eliminate conventional contio! warfaces made rechandant by flow control actuatons.
* Us with 0 oblan eight inde the ow physics of scparated flows
of low sxpoct-ratio wings.
o Develop » rulintie, rysematic spprosch w redwood-onder modeling for feedhack flow cootrol, amng
daia from wimulations and esperimenis.

vsl 19 sher the dynamics of e flow in ways msccenitie to open-loop actumtion. For example, is &
possible w climmate vortex shedding? The second. more modest posl v 0 egrove fight performmencs
0 unsisady flight, especially in regimes where conventionsl control surfuces may pot be affective. Obvi-
cudly the distinction between theve becomes Slurred s the teacscales of imposed mtetradiness spproach te
intrintic fhud dytamc tmescales asosisted With either sortex shodking of sheer loyer matubilities,

Mot previoas work om flow csotied her hoen epen-loop, and & mnonty of previows wudes of the
potniial hencfitn of feedbeck have ben thoowetical (0 5. Bewley et al 3000, Kio & Bewley 2007). Axde
from the work developed an pant of tue MURL, ehosad-loop flow coabrol hes hoce dcmonstrated = U
Lshatory for commrelling vortey thedding 0o biulf bodics for drag rodocton (c.g. Paswoos ct.al. 2008, Sicpel
et al. 2006), combution instabllives (6.g. Dowling & Morgans 2003), and caviy oscillstions {e.g. Rowicy
& Wiliiams 2006).

10 the conteat of sirfoils and MAV, for relstively sow changes in operatitg combuous, one mey sk
Mmhb-qhuumm open-loop actuation, though there

nuch a8 with wigpling betwers separsied snd stached fow (v.g.

Mawm«; For exainple, Magil et al. (3000} uned peeasure fod badk o & dynamic sall
raodel 1o detect iminent separation during cyclic pilching of v sirfoll and apply pulsed vurtex genensor
pd;mnmﬂhyh&q*dm-ﬂbwmnwmm
o Al QU MR L o l foedbmek tigasl ased an the ficn global
“mmmmmmmammmwmhm
cparstonTeatachment procews by detocmg the sigmature of incpint separsion with 8 prOee s,
and hen lowering the sotuator volage whien the flow s airesdy attached.

A next lovel of complicaton i 0 optimize perfonmance s & functon of ipet parvmesers, Benand,
Moresa, (nffin & Catafests (2010) wwed the swanrsd WAl 10 adusted the voltags % o dickeowis barmer
mm--mmsmummmnnumwuh

-tcvamMMVWMMMMWMM Taien ot sl (3010)
aleo wsed extremum secking 10 optmces actuation frequency b sumcnical siesulateas of 3D aitfils = low
Re Musa ot al. (2008 usod 2 ncurs] petwork sdapiive cooualicr t control the pitch.plunge anion of
xwfod in & wind tunnel,

For sufficiently fast changes o ditsoos (hore ere b dth Tnnstncions for &
anchaocture, e &Mdﬁmmdmmdhﬂn-m
of flow fluctustions o actimtion and 10 changes in op nj Aud 0 section 3

hnwu“hhw—ﬂwbmwhmwmdm
5 poak transient KA i sbout } convective units For MAV, this impbies s futi-secale Trequenay oa the order
of ) 10 100 Hx, wnd this is 1rly 10 be coaniderably jower than bandwidih limtations sssociared with U
actusticn and scasieg. A majus apoct of the present reseseck has been 10 docurtenl thi limitation, ia i
context of bastendy wind tunnct experiments described in seciion 3, and w0 shaw how, & loast in theury s
maqumumnmmaw«mm
on its owa arinkic W In sctusl applicacion, w we Jugving conrol o L
muwmmmmm

e Create s conunon & fr (DNS), Yo
wummmmm-ﬂmm

® Design and evaluase cosed. loop control luws bawed on the raduced-order models deveioped.

o Explors closod-loop control strategics surh as phase-lock Joop mid crtrommn seeking. (or which
models are not required.

19 Summary of Accomplishments

mmmw”hm-ﬁq%mmuum
tives dosoribed lechein the previous section W provide hese » beief T
of the aversl] effon.

| (Sechon 3) Clomd-loop flow and flught sontzol wers demonswsied o the Liborstory m onder 10 o
fance (! sod to matacs seady Ll o an unstendy, pusuey hmmaum

] with & tandwidth. The ranswos responss 4o actushon and its walmg with puler
mwumwwmhmumnr«wmu
10 undervand the physics asocated with the goucration of vorticity st the leading edge durmg s

tuation. ‘The ulumate bandwidth of Lft fi oM SupT Mnhlﬁwmm&d
0 be svociancd with the mherow dywssmis with the of m actosuon.g
vortex along the wction wurface.

2 (Scction £} A new foomad, ol ihe i d bourdary (TB) method e fou
wmmwmmwmmnmummmm
o sdvances achicvnd sz order of in efficscncy compated (o the
1B mechod. Amwmwto* le adjoins
of the go o wid fow swiver Suoulstioor were used o
wuhmdumuumuﬁ;m

3. {Section 4) A i dure fx reduced. cing waa deveinped, snd extonded i te-

mmumumm¢¢-wwmmm
mm“dmdwuawdmmhﬂﬂnh

ques weh a0 ions Propor Ort inon. A second appeoach of s
q—-«umawmwmwnmwuw
Galerkin models for control design.

4 Msm—umwaa“hm.u#-um
of atiack, forced by actuston at the lesding snd wailing edge. Ob

uw-ﬁ-«“-\wmm incvitable. Optimlsed wavefonne wore slso
impleticnted with 3 wmple phase-dock-lonp contrelics is order w yiehd optisrul porfarmance bty
(i the presence of disturbances) i # wey sustable for spplicanon.

3. (Saxtion § The netuel and actosied (opeo-loop) flows on low ampect 1560 (30) flat plates were s
Lated fov 2 wide parmmater regime inchuding Raynolde mumbes, anglo-of anack, sctustion saengih and

12




froquency, and planform shape. Simulations revealed the stabilizing influence of tip vortices on vortex
edding, -mMmkMMMdemwwm
nhancement at low Reynolds namber. A modet-five Wt also designed,
Mw%wwwmllwdwmw-hmdpm
durect numerical simulations.

& (Section 7 A novel, reciteulsting oo tannel was designod and comstructed fos flow control studics. Ad-
vanced laser-based d Juding real-time and teee-di particle: image velocimetry
were used 10 exanune the three-dimensional flows on low sspest ratio wings

3 m/s soul over a baodwidth from 0,1 Hiz w0 30 Hx. The turbulence lovel docreased as the flow
speed increwsod.

Fig 3.2 1: Daawing of unseady flow wind wnnel test sextion sbowing PIV system, model and
shustices wsed 10 create an unsteady freostroam.

33.  First gencration wing - rectangolar planform

The ability of active flow contral actustecs 1o modify di leading-vdge and dp vorex (LEV/TV)
fystom was exploted in the Grs phase of wind tunnel experiments ating a rectangular

wing. Theee differcnt oricotations of the actusiors were exphorod - upstroam, downsyoam and
mﬂwm(ﬂ'nhwcﬁaﬂfm’o(hh&qd«wuamm
cohance by o ‘ ng vorex shedding durimg pitch, yaw, aod
coll motions, and (o FoIPOASE 0 FuATE. ﬂ:hnwu-pdwnnnuddnmpofm
satiox and Reynolds numbers for which steady 1Rt could be maintained a very high angles of
mmummwmwmmwmww

Thcworhnwbymnw swady blowing was (irst studied by Dixon
(1963), who showod (hat the leading cdge vortes could be provented rom shedding when a jet of
uir was blown laterally. uver the suction surfsce of the airfoll. He speculated that spanwise
Mowing trewed leading-oidge rwocp eflecws, bimillar o delta-wings, and devisod 3 single jot
positioned pear the rook of the wind and at the o4 location on 3 roctangular Qat-phate wing with
npodﬂiol? Mw«n‘mmwmmmq-nm»u*

fromn €, = 1.3 10 2.5, which was attnlaned w0 sbilizaton
of a leading adge vortex,

We axplored the abili i » similar stabiloati ufﬂnh&wdpvmw
mmmawumwn&mnmmwwuw

mmepuam|mm«mm~mmdm distribution over the wing.

3 Control of vortex shedding in wind tunnel expeciments

3.1  Intreducticn

Wind tunnel experiments ximod 3t controlling forces oa finite spes wings by moduiating the
sength of the leading cdge vortex were performed st IHlinois lnstinke of Technology in e
Aodrew Fejor Ugmendy Flow Wind Tunnel  The eapetiments wess coordinatod with the
numerical smulstions (0 gain bettor understanding of the flow phynics associated with control by
LEVmud.uhu’m. Mmmm-wame-uwu
L urcful which

wete wade betwren the two approuches,
mummmmdwmummmm A description of the
experinzentsl facility i peovided i Section 3.2

The fist gencration wing had a rectangylar plenform with a 2:1 aspect ratio. The nflucace

The lesding edpe a0d tip verex i Goa studies were d voder meady flow snd
dynamic conditions in the Andrew Fejor Unsteady Flow Wind Tunsel shown io (gure 3.2.1, The
test sectivn crosssection s 0.61m by 0.61m. Flow speods up o 30mis conld be achicved,
Mhmmtjd&emmmhhwnw'wwmm
ausmbers werg varied from Re, = 30,000 w 100,000, A cosputer conmolicd shatier sysiem at the
downstream end of the fest section aflowed the fr speed 10 be modulatod at freqy

ww:ﬂ;ﬂmyﬂmnﬂm»uwmo{m"@ommm
highest leve! of f Tevel was measared w be 0.4 percont at an average spocd of

A wmmary of te rowits follows i the osm two subsections, and additional details of the
mvestigation cm be found is Williams, et a2 (2007

33.1. Rectangular Plasform Wing design

The sectangular aickoil models wed J the experiments were monsted on » sting commectod 6 3
force balance and pitching mechanivm. The NACA 0012 and flat plate airfoils had a chord ¢ =
203om, ipan b « 406mamn, and sapect ratio AR = 2. The flat place airfoll had & Suckness of 14
mans (56 in.) giving o thickness ratio ¥¢~0.07. A 523 cliipic Joading sad wailing edgos were used
ohﬂﬂhmednlmot'fmmundh(mx Actustion of the NACA 0012 comisied of
four pulsed-diowing slots positionod slong esch wing tp, and sight sioo. located along the
leadiag edge. Encbmvnudmhmnw‘hbu and could be individeally activated.
For the Mat plato (M wirfoil), 16 uctastoes were locawed slong he lcading odpe. The leading
mmmmumuwmumuumumummnl
sctustion. A drawing of te lesding odpe actuntor for the upstrenen blowing coafigurstion is
showa i Ggors 3.3.3. The dismeter of exch actuxior jet wie 079 @ (0.03 1), sod sagled 10*
opward from the chord fine of the airfoil. Staighi-blowing actustion used jews aligned with the
flow, whesens, ‘ounsard blowing’ actuation ased the same configuration es shows in figure 321,
whﬂedmhnofﬂrmmmbxhpu

0.031n
Cla.

Fig. 3.3.1: Nosc sextion for upstrean actuation (dimemions are in inches.)

When pulscd-blowing actustion was ased, there were two forcing froquencies ol interest:
namely, 8 low fraquéncy at F fe/l=0.67 (~ 5 H2) 1o the global of the
separsted flow region, and » high F' ) with the Kelv b
nstability of the separated shoar layer.

332 PIV Measurements of Shear Stresx

A quastitative measare of the effect of upsticam actustion oa the mprated region comes (rom
the PIV measurements of the Reynolds stress ax shown in figuees 3125d. The sizw of the




mmuwmmmgmhnmmw witich can be
seen by comp e This is with the flow lization images o the
mid-span, The center of the recirculation appears as a focas in the streamline patterns, which we
bebeve is the resalt of a strotg spanwiae component of flow in the recirculation region.
mmm«mmmmwmwnum

positive valoe nesr the leading edge. possibly associated with the strung favorable pressure
Mnhhﬁgwm Cmfwu!)k-lnu«mwh
scvation

vpaream of the segative Reynolds stross segion, resulting in
madumﬁmhno-m
Baseline (no forcing) Upstream Actuation
Yo /}n0 &
y/(3/2)=33

Fig 33.2: Asbivary strosmlines and Reynolds stress contours for the baseline and upstrowm
forcimg cases 8t the mid-span and y/(W/2) = 0.33 span of the Gat plate sirfoil.  Reynolds stros
wmwm-m-'h‘wmnsu‘h’(m) Tht-vlmd:nfthcuady
blowing was C, = £3 x 107 percent. The x snd y axie labels e in nlhe-x-)
/(B/2)~0; b) upetream actustion, Y(W2)<0; ¢} beschine, y/(t2) = 0.33; d) y/(b/2) = 0.33

Measurements of the overall Lt and drag were obtamed with » tix-componemt force balance.
The offects of wpsiromen and downstrens actust:on oo Uft with scady and pulsed blowing are
shows 85 a LRt increment AC, = C\. wewwt = Ct smaten in figure 33.3. The crror bars shown are
based on the maxirmum variaions oheerved aftcr ipeating the experiments scveral timer. The

n

(a)
(@

()

Fig. 333: Effoct of sctustor configunmion on Nt incroment & a = 16% (a) downstreum
acwmation; (b) mpsroam actastion; (c) closs-ep view of upstresen blowing. €, <$x10™ percens.

be individually sctivated to produce traveling wave patterns, however, all schmtors were driven

1

dowmstream orieated actuation is ¥ common configuration used ln active Now control, snd the
vﬂ—d&-mmmdn(c, 'mmwnmuuﬁnwd

those observed by other Lt i g as the

cocllicient 18 d mmmmmummm—
directed and arger would reault ia eves higher C,
valoes.

y -
rac-m-ma-yhmau‘mmm *‘wuﬁu&uh
rensons fot the upstream e pot fully unde yet  Futh the PIV
and wnoke vicgalizations show tha the ssturated sate with upsgesm acwation docs nol
complacty climiasic the flow scparation i the md-spen repon of the airfoil
&uMmdmnm;ucaa)anmc
mendy crossfiow, (3) pulsed-siraight and (4) pulsed-cromsfiow, wheee sumight refers o being
slong the x-axis and outwand indicates » 45° angle toward the tips of the airfoil. The cffocts of
the four types of downstream-oniented actuation are shown m fipwe 33.3a, where & can be wen
ukmmmumw-mﬂ-hm-mu
coeflicient. sright-siesdy acruston

leading edge vorex would be more receptive 0 the pulsed-blowing actustion and less likely
shed the vortex. This ascumption turned out 10 be correct, sod the sema-circular planform wae
chosen a4 the test anicie for the investigations desling with the use active flow control in dynamic
flow situstions.

The expenmental cffort i the wind tennel exper was suned at closed-
bqwdmhwhmﬁhmdpmnwynn
conditions

in-phase for these measuremente. To document the open-loop forcing effects on prrformance, the
scruators were opersiod at a 23 Hx pulse mate, md a C, = 0.0074,

Fig 3.A.] - View of the diszasembied wing model with the plesoe cover plase removed. The 16
nicro-valve sctustors can be seen positioned mdisily slong the circular lesding edge.

The travsient response of the leading odge vartex and the tip vonex system to open-lovy
forcing by e sctustorx, such ax, pulsc and step inputs, was oblainod for modeling snd validation
purposes.  The convection of the leading sdge vonex over the airfoil was identified from surface
presvare monsurements at e = 0.42 and x/c = 0.72. Force and moment mcasussments were ot
with as ATI asno-25 or - 14, six-component focce balance systsm.

342 Smoke wire flow viswalization

Flow visualization of the Mow at two spanwise locations over the somi-circular airfoll 5t 19* angle
of arack i shown in figures 3.4 2 a«d. The smoke aboet i positionod &% & Ocnter span of the wing
= figares 3.4.2a and 3.4.2¢, uod aligned with the quancr span in figures 1420 and 3424 As
expected, without flow control the flow w fully separaed a this angle of attack, figore 3.4 2 o
fipaee 3.4.25. mdhlammwhwﬂdc&)m
the leading edge partially reattaches the flow as shown in figure 3.4.2¢ and 3.4.2d. A insensified
leading edge vorten can be soun w figure 3.4.24, indicating that the pulsed blowing sctistion has
captured and inwenxified the LEV. PIV data confirmed that the vorticity along the loading odge
was concenizated by the actuation. Additional details are provided tn Williams, et al. (2008b).




Fig. 3.4.2: Smoke wite visusliration of the flow over the wing, a = 19, Re, = 68,000 #) oo

Jorcing. center wpan: b) wo forcing. quarter span; ¢) sctuation om, center an; d) actuation o
quaner span.

343 Respease to pitching mancover

1 s well known that airfoils and wings pitched upward a high pitch fates form dynamic stall
vortices.  The extrs circulation associsted with these vortices leads w0 higher [ift coefficients
than can be achicvod under weady conditions. The 1ift coeflicient results in figure 3.4.3 indicate
that ows semi-circular wing exhibity similas behavior. An spproximate sicady state Wt curve is
obained by measuring Lt during a slow pitch rate of @*=davdt = 0.9 deg/sec. Static stall occurs
at a = 16°, while at the higher pitch rates of @' = 40 3nd £0 depfsce wtall is delayed w 0=24% and
32°, respectively. The presence of a dynamic stall vortex increases the lift coellicicats o C =14
and C, = | 3 for the two pisch rates. Fitch-down maneuvers at the same constant rates are also
shown in the figunes (o demonstrate the symmotry of the resull. Since the wing has 0o camber,
the anti-symmetry in € was expecied sbout a = 0%, whea the flow was attached. A kysiercsin
effect in the iRt curve naponse was seen when the flow s separased.

34.4. Open-leop forcing

Thnﬂmufopmhyfuccm|m!hcbnmlfmushownnﬁm’ll For reference
prsponcs, # pitch-up bascline case da/dt « 40 deg/soc with actustors tamed off is shown by the
procn corve. The rod data cunve comreponds to actustors contisuousty pulsed at 25 e C,
0074, with » slow pitch mte da/dt « 0.9 deg/vee.  The bascline steady lift case with no sctuation
is shown by the blue line. The effoct of actuation is sinilar 10 the dytaamsc stall affect. In both
cases stall is dolayed entll a = 23° where & masimum Lift cocfficient of €y = | 4 b reached. This
s indirect evidence supporting the cartier obscrvation that actuation has the offoct of stabiluung
the leading cdge vortex.

Since closed-loop control was 1 be used to obtain the same high lift cocflicient values during
wing mancuvees and flight in an unsteady freosream, knowledge of the flow state om the wing
was an esseotial clement s the development of the controller. In Williams ot al.(2008b) we
explored fbedback signals bued on the lift force und oo presvure taps located ot x/c ~ 0.42 and
072, Figures 3.4.5 and 3.4.5b show the mesn predmaes memured a2 e = 0.42, comresponding
10 da/dt « 0.9 and 40 deg/sec pitch-up e pisch-dows maseuvers. The quas-stcady data st dev/dt
= 0.9 is used as input to # second ovder diffcrential equation model, which prodices the effeots of
the petch rate om the prossare.  Figure 3.4.5a shows that the pressure docromsos lincarly prior 0
flow scparstion, irrespective of the pitch e, During a plich-up mancuver. the scparation
dotayed (red dashod lime), xad during prch down the restachment of the flow is delayed (dash-
dox Tine).

The «ffect of actuaor forciog on the surface prowmwe during slow and rapid picching
mancuvers ix shewn in figure 3.4.55. The pressure response to actuation is somewhat dilferent
from the respoase w pixch rate shown in figure 3.4.5s, Consoquendly, it s oecossary 0 include
the effect of actastion in the plant model in order w build an effoctiva closed-loop coatrol syssce.
Thas topic will be revisitod in Section 3.6

4 ~ 3 e
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Figure 3.4.5: Effect of puch rate on the surface pressure measared st x/c = 42. a) No forciag st
wing pich rates dadi = 0.9 degisec (blue and cyan) and 40 deg/iec (rod and beown). b) Forcing
on at 25 He, C, = 0074 and pitch rates davdt = 0.9 (blue and cyan) und 40 deg/sec (rod sod
browa).
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Fig. 34.3: Lift cocflicients at plich rases dasdt = 0.9, 30, and 80 deg/ses,
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Fig 3.4.4: Lif deprodence on sngle ol attack . Forang on et 25 Hx, C, - 0074 and pisch raies
da/dt » 0.9 and 40 degfrec. Forving in the “static™ case procuces same Lift coefTicient as the
dytmenic case.

345 Lift spoctra depesdence oa aagle of attack

Lift Suctostions are driven by voriex shodding from the wing st frequencics that are dependenlt on
the angle of suack. The domimant frequency obtsined from the spectrum of the KRt signal s
ploticd in figure 3.4.6 for angles of aktack varying from a=9" 0 31°. From figure 3.4.4, we saw
that stall begims st appronimasly o=15°, and the onset of stall corresponds 1 8 docrease in the
(requency of the Lift Nuctustion. The red dashed-line (n the figure 3 4.6 corresponds 10 3 Strouhal
umber, St = Me*sin(a)U = 0.2, which was originally proposed by Fage & Jobansen (1927) for
two-dimensional flows. Ia this version of the Strouhal sumber the length seale of the frequency is
based on the wake width (or eqwivalently the projocted mid-span chord) c®sn{e). h i imercsting
that a low-aspect ratio, thrse-dimensional wing shows good agreement with this scaling alier the
wing s comnpiceely sallod
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Fig. 3.4.6: Dominant kit fluctustion frequency dependence on angle of attack and comparison
with ¢ = Pc®sia(a)l =02

35.  Scaling of trunsicat lift response to pulsstile sctuation

For the most pant, active flow control studics have focused on the steady-suate bohavior of the
flow, whote only lime-contiruous (e.3., vinusoidal) sctuation l-nuededtu producing changes.
Earty stadies (Ahwya, K & Burrin R. 1934, Neub D &W i, L 1987 that
eﬁmwmmmfmqwnﬁmldkndﬁmmmmml-cm which t the time
Sor disturbances 10 advect over a corain charactenixic leagth of the wing. The amplouds of the
nr-dy-tue Lt respons s wsually with the i Cr The

and waling p have physical meaning through their coancction with
flow instabilities. When the airfoil i ia s flly stalled state, then the coavective time acale is
comparable 10 16 paxiod of vortex shodding ia the wake. Thore & a coupling betwoen vortical
structures in the wake aad the separsting flow from the airfoils, 5o that stoady-state acrastion st S
- O(1) affects tho coupling betwesn (he wake and the airfoil (Wo, ot sl 1998, Bazozowski &
Glexer 2006), Mare detailed studies oving numerical simulations of low over 8 two-dimensional
aurfoil (Raju o al. 2008) identified three natorally occurming flow instabilitics, which exist during

M




uw-h‘ﬂ--‘hmﬁ-ﬁhumhqﬁﬂnd.d&wy
scaling parsmeters. M“M-Mumauapd\ﬁ:mmmd
inuabilitics sagpests tat new approaches w flow control may be

dmensional deflecied flut plate. Using sicp iopuns from s sero-ect-mans. voicecoil drivea
sctuator they showod that ihe total tizne @ takes for the Nlow to reattach on » deflectsd flat plate
wat leng O{20-50 t°) In terms of convectve Ume units, and was to & large extent dependent
on the frequency and amplitude of excitation, For fixed values of the forcing parameters Cu
and Fo, hwﬂwn-—pm—m-«hht,ﬂmm-ﬂh

m-ﬁ-mduwm--wm» mm‘n

short as 0(0.03 ') were effective in T cy rl ls around the
airfoil. The time of the ci back w the staty was loag, on the order

of O($-10 1"). The effect of difflerens pulse sogy on ‘was also explored.
Here and in the paper by Williams et al. (20092) we use shori-duration disturbances
for the purpose of idemtification on the scparated flow around a low aspect ratio, throe-
wing The outpul from the separated flow = response 10 a single pulie pives

2 301 of “impulsc responre”™ model that can, within certain limits, be tued 1o prodict the large-
ﬂhdhnw»mhmmmw The model can

tha arc useful for designing closed-loop controlicns. In this section the response of a wing fixed
o aa2l © pulse-type distucbances with varying amplitude and differoms froestream speeds s
axamined.

The peak 1ift cocflficiont increment above the unforced seedy state value is shown i figurs
35.0 for the rexpoase 10 3 single pulse from the actuator. A wide range of acrustor pressures,

Lt

Fig. 3.5.2: unnsiont Ut coefli i d d on ive ime. Different curves
correxpond 1 different flow speeds and pulse duratioo times 5o that the non-dimensional pulse
durasion time is consant, 8L, %= At U/c =05,

Fig. 353 C of i ) d Lift reponse end the R prodiced by
convolving a Mwmw»uwmmmm
was Ul = S m/s, and 34.5 kPa supply pressure 10 valves,

b n « = - L o
Figore 3.5.17 The peak jn the transient §ifl coefficicnt dependence on achusar proasure coeflicient.
mmmmaﬁmmmmmhwum
open times.

A variety of Lift coelficicnt transients aee plotted against the coavective lime scale ¢ =Uic i
fgwe 352 Each curve comesponds 10 a diffescat freestroam spoed and sctustor pulse durstion
may.m-vmno-hmmmhd-mhlvm
B’ Btg We =05, Al flow spoods beiow 4 mix the poak Lff increment saturatcs 33 Cp
axceods $0.

The ift responsc 10 3 single pulse can be treated a0 a filter kornel, and cxa be wsed 1o prodict
ummmyhmmmwuwwnaon Even though the

detailed intenscnons betweoen the sctuator input and the response of the (R force are almont
Mymhmmmwﬁ!m-mmdb-m“h
cnge of operstog conditivns.  The phasc-averaged winglepulse rmwponse i used 2z s0

mmn(u-ainwhnu,lm.nmmum-pﬁadm
signal, w(k) = Czﬂj)-(k—/) where wik) bs the arbitrary input ignal The magnitads inpot

signal u(k) s arditrarily given u-pauunn. Toi-lhnﬂn-—-u.c.&u-l
impulss of the 1~ 3-, 5 and 10-pubse was with the comespondiog
Mnﬂhp-hqh“

= -mur_ush’ms-.s--uu

puhem mmmhw-«b
the model over-prodicn transicnt ovenboot sod -&Mhhﬂwhﬁum
signal.

mmumw«uwwmnnw»-—w periodic actuntion is
conins of modulating 3 continuous tram of square
m(wwnwuﬁ&nmmmwnnan:mmmw

superposed with 3 aquare wave ot a much lower frequency. Comparisons of the mwodel
preds with the experii e showa in figures 3.5.4, 3.5, and 1.5, comresponding 10 an
M-O&N‘.-"-ﬂ" The bascline LN that occars

2 cross-spocal
lxllb&vwr a0d only s @ = 29.5° phase shift exisis between the coatrol aignal 10 the
actustor and the iR respoase. The phase shift prodicied by the model s @ = 26.°,

Fig. 3.5.4. Comparivon of measured Bt coefficient (dushed ling) and the predicwnd lift (wolid line)
s shown for a forcing frequency of 0.4 Hx The bascline 1ift coefTicient withous actuation is 0.8,

The low-pase filter characier of the sysiem becomes apperomt when the forcing froquency s
ncrowsed 10 1.4 Hr The data in figuwre 1.5.5 show that the square wave input 10 the valve is
rounded at the corners of the Jifl signal, because of the sttemumtion of higher froquencicr. The
phase delay betwoem actusior input and 1R respocse bocoroos kignificant i thix forcing
frequency. The phase shift between the actuasor input and the Lift ot 1.4 1z is now increased w0 ¢
;‘7!1‘ The iincar model predicts a phase shift of ¢ = £2.5%, 30 it does 8 good job of reproducing

mumm;wum-m-m—umumqﬁw
of the Lift floctuation is mgnificantdy reduced by the fillering effect of the kernel. The smplitode
of e LNt Nucusmstions is significsntly micamared, and the phase suft s ¢ ~ 122" Al this
frequency the model under-predicts the fluctusting lift force, and over predicts the phase (9 =
247°) betwoen actusior input and Lift flucraation.




The actuation can oaly produce pesitive Lft periurbations, which has the ¢fTect of increasing
the average Ul above e bascline state. - Ja the coee of figure 3.5.4, the menn HA coefliclent
shifts from €y, = 0.8 10 €, = L1, The lift fuctuations oscillate abowt the new mesn Ll value
rathor than the bascling Lift, Onlnarily aoc might katcrpeot the shifl in the mean Lt 4s » nonlincar
effect, bt the resuls show that the lincar model gives a good prediction of the new mean L.

¢ ae
Fig. 3.8.%: cmmam«hn(wum)ummwnm-mm-
forcing fraquency of 1.4 He. The banclinn Uft coelTicient without actuation & 0.5,

w
[

Fig. 1.5.6: Comparizon of measured LRt (dsshod line) und prodicied LR (»olid line) is shown for a
forcing frequency of 5.0 s The baseline LRl coufficient without actuation is 0.6

l.wmmmm“urqamwmwummm

i ypeicen sddentification Wohniques,

modal lumebupuhwww(ﬂ)mh The ability of e feod
forward, M-controllcr w0 maiotain & constaat U force is tevled with adomined “yiep changes™
n the frocstoam specd of the wind tmoel, In Soction V the Idealized modeis are wsod o
spoculaie abust the posaible improvamests ia sywem fecpotme that can be schigved with closed
loop flow control,

361 Medel he KA respogse 10 sctuntion

The range of possible cantrod i fiest desermined by cresting a wiatic map, which is the ncady state
Lifk sexponae 10 presure sctustion. The sagle of attack is fixed & 20°, tho micro-valves are pulsed
mynmkﬂhphnmuvmmlﬂnmhhmh
60 soconds at cach pressre magnitude sod the mena valoe of the KA s fouwd The peocess is
repoated for vacying fow speeds. Figure 3.6.1 shows the mean 1ift response at flow speods 4m/s
through Inv's with the meassrcments al Sa/s and Tovs topusied a5 8 repeatability e The data
<ollapées 10 & single “Tincar™ curve when plotied as the change i lif coefficient vorsus the square
oot of the jot pressure coefTicient, see Williams ot al. (20100 and 2010c).

Change 1 LA versis Ackustion Presssy - Achasion 294 - 400
o

Fig. 16.1: Pulscd blowmg wing's static map of Lift response to pressure actuation

The understanding of the transiont rexponss to actuator input and the sbility t predicr the LA
response given an arbetrary actustor input set the stsge for using sctive flow coatrol in dysamic
fiow sinntions. The meat Section 3.6 explores the s of active Dow control in an unscady
freestream flow. Much of the controller design and system identification resuliod from work
done in collsbanition with Professor Ruditert King and his smdents s the Tochmsche

34. Dymamic active flow control ~ flow control uader changing Night conditions

mwmummuuupmmmmmmxm

the P of the flow I the control sysiem is
mwh-ﬁhwwmwdwmm wnd direction associated with
gasis, then it may be possible 10 fly the velucls in & way that L0 exuact eoeryy from the

gums Mpmwmdmwﬂwmuw‘numyhmmhwm
-l vebiclos that wwe real e control of dhe

becatese of the time lags and amplitade chaoges asociated with both the unstesdy acrodynamics

and the actuaioe respooss.
hmmdﬂemunnmuwwwmm

time detays in the Mow rexponse 10 e oascs of actustion. Normalized time delays (*«5.3 ware

oeamured for response to wausoidal inputa from the sctusir. Phase Lags between tho freesircan

spoed osciliation and the LR force were mtesired 10 be ¢ = 307 atk = 0.2. These are lange dolays,

-dndhunm“habkwqmnymhmm&p-‘lw

d with the flow d

mma.wmm»mmummm
by a ul flow was d by Williama, ot al. 20092 and
mlmﬁmﬂuwwmub-%wddﬂmfh
controlier required meoual chiaages in smplitude snd phase delay ia order 1o acvount for any
hmyuww A more geocral appeoach i 10 ¢ & sywiem model that containe
of the ift coclTicient responsa to sctustion over & wida band

nl'm

m
Ml&wn.nh-hﬂywmvﬂawnckﬂ' one might expect hoaline

limitations. A lincat sysmtem model can alnast alwuys be abtamed, ht the quevtion s over what
range of conditions will i be valid? MMWNMIWIMWJQQ
sysom, can a usefsl tler be designod? We igated these using
m-mmmmm-um.mmmmmw
tochniques.
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Fig 3.6.2 Example of iaput-cugus data used 10 obtain Black-boa dyrmaic models of rosponss o
pressure actuation. Dack line thows ane of the identifiod models

Tho exporimenis wore repestod st varying magnitudes of imput provwares and pressures for
two flow speeds of appeoximately $ wvs and 7 w/s. A Sunily of 21 liocar black-box dynamic
models was idotified asng the Predicticn-Frror-Mcthod. First order models with » trme dolay of
tho forms,

AULE ‘ﬂl, (7Y}

mmmﬁLumkmhn‘m!G‘mm‘mudmwu
siarulsted response for cac of the ified models. The deration of the time delay results in
.nymmorw xpeti ) dats wha w models fiod ia earticr

scen ia G static muaps for tho different Dow speods shown in figure 3.6.1




Purthermove the majority of the models identified at the lower flow specd of U= § m/s show
tMmhth-U-?mMuthhﬁahhﬂ-ﬂ
models are defined with respect w0 dimcosional variables. This io tum allows for an cesicr
ion, since the control objective is muialy 10 reject disturbances

dewign and
while maintnining s conssant fift foece.
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Fig. 1.6.3: Froquency sespomse diagram of idesified models at fow speecs $ mis and 7 mv's. The
dashed line s the nosinal model found (rom the mesn of he family mode! parametery for 7 m/t.
Te obtain » retional transfer function the Lme delay of the mominal model i appeoximated by sn
all-pmss tassfer function.

The contrl denign presented i this paper focuses on achicving good ds
2t s pominal flow spoed of 7 m/s. Therclore, & nominal model was hnibyhkh.m.nmo(
only the tranafer functions ideatified st this flow wpeed la obtain
functicn, the dead-time cloment comesponding W the mean time delay of 0 = 0.157 s is

hqmducmdwmmmmmummm winch
accounts for model acting oo the plant at low

with & - based oo s method suggesied by Park
(1995). 3t is pot shown in Figare 3.6.5 for the sake of concweness.
nu-u.uaa dler K(1) is synthesuzed osing the mixed itivi
wmmum;mmmww
MwhmmeWMumnvmm
u“m.ndua-Lmo)-u ‘l-lbya dfory her Kofn) for
distrbance topection. By chooning sppropriste the loop-chaping weights, the mised-

mﬂmwﬁmmmn‘mdmd«dmh-
ven modet faenily. Tohmhmmduﬂmcﬁm&w
2, from the nominal model G,/x) it descrided by s multi

o)y Uop S0 o4z

Hence, the model (amily can be described by

<

0,0 GiN=GoM e minaln) A Uwisl Ve, 0.483)

34.2. Modcliag Oic nasteady seredysamics

The wing's response 10 » time varying longicodinal “gusting™ welocity is self dymamic. The
scparated flow and the low mspect fatio of the wing do oot lond (hornuelves 16 any available theary
n-wmmmumhwmmmmuuﬁ

foodback controlter K(x) regulates the iRt force by adjuxting the actustion pressuro p, The closod-

M

mao)m- inty with a weight wily
fied treaxfer functi ma.&.&mmwm
IMdbw‘hMﬂMhﬁmo{“Wh
the wing. The uncertainty could be reduced by mverting the sauc map sbown i Figure 3.6.1 for
mwmwd—‘kuamwhqudm
This was in carlior by the authors dot tumed out oot 10 be
Muumwﬁuh closcd-loop performance is imated by the time
delxy of the plunt tranafer function. This Himitation will be discuaacd further wwards the end of
this section.
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Fig. 3.6.6. Muhiplicati for the identifiod model tamily (3) and loap-vheping woights
with sponding transfer functions for the d 1t bher (5}

To twoe the comtroller Kt} one comiders ihe closed-loop rexpense of the vominal plant,

which s given by
K .. £
T ok ot 2700 2l (54)
=

acting o the output of the closed loop. Finully, &-h' d a5 3 fecdforward ty
function &P 1996). The funcrion S and the complementary
hensitivity function T are shaped by the weights wa't) and wifk), i

wafs) s used o put 8 bouad oo the control effary XS, Jo order 1 cbuin the coatroller a cost




malMKG, . ws N =508 wT wks] " 3.6.5)

hnwbemmni%aanf(ddumﬂunmnﬂmﬂa The froquency sesponse of the
closed-loop transfer functions with the comesponding loop-shaping weights is sbown In figure
3.6.6b). Note that plact model was scaled to sa input and output variable range duriag the loop-
chapiag process W allow for easier chowce of weights. Adjusting the weight wyfc) such tha

) <1/, (o) Ve, (3.66)

snsures robust sability of the clowed-loop for alt models identificd for the flow spopds § mvx and
7memudeMmhy,~,m exceeds unity for froquencics larger than

performance. 3 3

seasitivity T is still well below this limit. Other limitations arise oo the one hand
from constraints on the physically poesible control efTort. and o the other hand from the right-
haif-plane sevox corresponding 10 the approximation of the time detay 4 in the nominal moded, tt
can be shown that for systems with time detuys the clossd-loop daadwidth i flimitod o be lesy
than /2 (Skogestad & PosGethwaithe 1996). Duc to thesc Limitations, a bandwidth of sbout @, =
2.7 rad/s or 0.43 1z is achicved when just comsidering the feedback part of the cootroller, as can
be soen from Figure 36,7, Here, the bandwidth wp is defined as the frequeacy where the
Mlmhmrwhhfﬂwhﬂw Note that the feedback controller
shows 3 wome than the case in 2 fr band above
&7]!&Thﬂ|kqwbthﬂkdmwm-hd-bdnl
woighted sensitivity iawegral. It states that reducing the seositivity of a plant with right half-plane
(RHP) axros at low froquencies will csuse » large peak in the scnsitivity over 3 limired Sequency

range.
Since the input ¢ 10 the disturbaoce model G, can be @ensurcd online, the bandwidth can be
improved by using » feed iler Ky which is by

K, =G,G;'G, Qs

Hercin G, denotes the ailpass-free part of the nomical piant model 1 yiedd a stable inverse, snd
er:mrumﬁhwmkvmnmmhdrmlum
that the feedforwand incresses the bandwidih of the pl-lwi&nmahlh
mexsared distrbaoces 10 sboot 0.7 He However, ﬂuwnlﬁtmo{h‘:ﬁm‘
somsitivity even further &t » fh ‘band above ty 0.8 Hx

364, Caucrllation of Kft Ouctustions in gusting flow

The perk f the Wer lusted by st # 10 3 pueado-mndom volocity signal
(m;mwwmm’mswa amplitude acps
summed with pacudo-tandom idal signals of fr less than [Hz The

Mhﬁhlhﬁwﬂo{wwﬂdy 1Hz Figure 3.6.8 a) shows the magnitude of the
velocity plotied against time, and b) shows the powor spectrum magnitude of the velocity plotied

n

The controller is commandod 10 suaintain & coastant reference ki) of 1.EN duting the PRS
The reference LR is above the maxi: walua of the llod Lift, this was

Fig. SbD'Mmq:dwnwﬂdndmuﬂdMnm“ndm-n

modci(s) model @ case and plant model, disturbance model and
controllers in controlled case).
Figure 3.6.10 shows the power spectrum of the and uf

ploted against froquency. Fifloen records of the length of aa eotwe period of the
Mmmxyaﬂ-:uudhdcﬂtm;themwmnmmy
in the pesks in the spectmam of less than 26% and a fin
0.01He
mmmm.muawmmuwmﬁ.

oaderly ag proca .
complex snd noolinear. mmmmmmwmanwmmm

solution of the Navics-Stokes cquaticns 10 a single lnput-single owpat sysiem (SIS0). This sl
suggests tha the incar superposition of the response Lo actustion and the rosponse to e lime
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Fig. 3.6.7: Frequency respoase of the plant output te siausoidal disturbances in the flow specd for
mwmm(umlnxmmmdu'MWM)uuw
d plant ted by 2 f (rod Line).
 Vetocty Trms Sores - ) Velncay Powes Spectruen

Fig 3.6.8: a) Measured pseudo random velocity time serics and b) power spectrum used to lest
the controller

"
Fig 1610 Power specinan comperison of (luctusting Rt force during controlled and
uncontrolled pacudo randomn velocily input st design conditions.

mdnqmmwwmmmm«mmm
the use of a wide rangs of datively simple synthoxis od malysis ools.

of frequency amplification would occur st o0 fast for the plant 10 respond at, but for
systems with RHP zeros wore severe fimitations A weighted scesitivity inegral shows
the amplification must oocar over a limived fi Bexausc of the tome
Mwmhhmww%duhwwwndl”mﬁw

RHP aeron and the disturb tis amplification occun from ~1Hz (k=0.09) to
djm(bojymmuhbydmwﬁ coatroller used in experiment s
given by SSp (S 996). The is capable of

ammmmlmwumlm)ummwm
the overall sensitivity is gresscy than 1. Figure 3.6.7 shows the overall sensitivity of the modoied
plant snd distutbance and the point where the overall sensitivity crosses | from below is ncar LHz
Mmlﬁuhl!mmwmhmmﬂwmmm
dhnm-m(m-nu-sem)mu {led di wplified over
the mun-mmudmwn
mmmwmmmwunmﬂammcrwn

@ be duc 10 the time for a disturbance msoed from the actuston 1o roll wp and coavect over the
wing. This method of actuation docs aot show the initial decrease in normal force, circulation or
Rt a5 socn by Danbi & Wygnaniki (2004), Browaowski & Gleaer(2006), o Willisns, ot
a1{2009a). This is believed to be due 1o the fine order model behavior of the jet velocity obtained




or One can achicve tight contsol 31 froquencics 72,
where ¢ & the magnitude of the RIP-zero or st froquencies above 22 by reversing the sign of the
controfler gain, Black-box models of PRBS voltage inputs 1o the nctusiors, which

smplified with the pulved-blowing wing modeied with » pure ume delay. As a revult, even with
aster ncruatons, the rompe of frequencies of possidie control is limiied by the finid dynasic
Presponse o actastion. no! the bandwidth of the octucors.

The first order models with » time delay fit the moasured data much better than the previous
Munmm-&wm«imlmmwmun-
betler agroement between experiment and theory. The mnge of frequencies of the cutrent
coatroller is increased gver the range in Willisma, et al, (2010a). This is on the onc hand due 1o
the iocorporation of an wnetcady scrodynamx model- and O foodiorward  disturbence
compenuntion. On the other hand the beter ling also thep

3.7. Plezecicctric acteated Wisg-11

Tommmnon‘sem.mmwmmmm
) The wing-!] model containing 8 picao-clectric
mwﬁ“mmn%nﬁw:’l 3t has the same planform and dimensicon as

provere supply

«m K contain eight premociecanc dirvices that operats at » resonsace (roquency [ = 320
Ha At peak velocicy. the actastors cea Sutput jots of sir st velocity higher than 20 m/s. Wing-II
has » higher bandwidth in operating frequency than the pulsed blowing wiag. referred 10 a9 wing-
L The wing-i bandwidth is limited by the response of the pressure regulator and the wbing
beading air into the wiag. and these do Dot exist in the wing-11.

The LRt response of the wing-l and wing-I1 1o a smgle pubse loput from the actusior are
denceibed in this soction. Unlets otherwise noted, the single-pulse time of the wing-1 At, = 0.017

4

1.33 for wing-l. The rosponsa of wing-1] alio achicves its maximum value, at t+ = 2.46, faster
than (he wing-1, st t+ = 3.0,

. d » - . n L
e
Fig. 3.7.2: Lift responses of the wings-{ and -1l w & single pulse inpus disurbance st differans
MﬂdenﬁMJlﬁ(!m)M&dmmsmhﬂmM {a) Wing-]
with pulscd actusticn. (b) Wing1l with constant nput voltage 10 the piezo-electric

s,

. L] - - * =
ok

Fig. 3.7.3 Comparison of the noemalized AC; of the wing-1 and wing-1l at & = 20 deg

s and of the wing-{1 A, = 0.025 +. These are small compared (0 the responss time of the fow.

Fig 301 (A, left) View of the disascmbled wing-] with the plenum cover plate removed. The
16 micro valve actuston cao be voon positioned ndially along the circular leading edye. (B,
right). Bottom view of the sring-11 wich the § synthetic et actustors.

The dats in figure 3.7.28 shows the ift response of the wing-l 10 a single pulse inpus
Sanurbance ot differees sngies of miack varying from )2 deg to 20 deg. The e stream speed
o the tunnc] tos soction and the supplicd pressure inde the wing were sed st $ avs and 34.5 kP2
(Spxi) respectively. At a = 12 dog and a = 14 dog. =till in the stched flow region, the xingle
pulse input disturbance docs not genceate any lift increase. On the other hand, at o = 16 deg and
sbove, the flow sround the semi-circudar wing is fully salisd. and the xame disturbance crestes »
powtive ol

In figure 3.7.2b, the lift rexponse of the wing-IT 1o » single pulse input distorbance st different
angles of attwck i3 shown. Similar o the lift rexponse of the wing-l. when the flow over the wing
is mot sepanted. the momentum (rom the ZNMF jets doct not gencrme aary gam o bR from the
meady uiate. In addition, m the pre-sulled angles of attack. @ = 14 deg vz @ = |2 deg for the
wing-] and wing-11 respectively, the flow sbove the wingy is very sonsitive 1 the actustor inpuis.
“The single pulse dissurbance in (6t caases scparstion for & short moment, snd that loeds o the Lt
decroase.

Posably due o small differences i the leading cdge dosign, the ZNMF wing salls at a1 = 14
deg and above, whereas the provioas wing model stalls si @ = 16 deg nod sbove. The Lt responso
o each angle of sitack 1 different, bot in geoeral (he two wings behave in a very similar manner
w© the ungle polse input mmmmmam—-hm-aw
dmﬁwhhmhh&ynﬂhd

ma—;-mmummlwmn-o-muu»mw
its maximum value sod shown in figure 3.7.3. The two curves have mimilar trend although the
respoass of the wing-Il & a « 20 deg is quicker than the rexponse of the wing-l. The bon-
minumurn phawe behavior is observed for both curves., It accurs a 1+ < 0.64 for wing-TTacd 1+ =

3.8. Summary

The flow physics of controlliag leading edge voruces for Gmevaryiag ift enhancerncnt o low
A3pect Mo wings was expenimentally ic an unseady flow wind ool at 7. The
effect of actustor con on lending odge formation was stadsod with

k3




4 Simulation, modeling, and control tools

4.1 Immersed boundary method

A oow formulstivn of the immersed boundary method with a structure algebracally identical i the .
ditomal fmctional sep method is presented for incompressible flow over hodies with prescribed muface
motion. Like previoos methods, 3 boundary foece i applicd at the immensed surface 10 satly the no-slip
mwauﬂkaﬂMhm“ﬂu&Wmhm

and ! The current method ves prominance W the role of the boundary
foece acting as a Lagrange multiplies 1o satisfy the no-slip condition. This role s analogous w the effect of
premure on the momentum equation to satily the di fiee int. The current i bound.-
qmmipmwmwdmmmw.mm
‘boundary foree 1s devermuned implicilly without any cooatiutive relutions allowing the present formulation
1o use lurger CFL oumbers compared 1 soame pest methods  Symmetry and positnve-definitencas of the
sysiern are prescrved such that the conjugate gradient method can be used W solve for the flow field. Exam-
ples show that the current formulation achicves second-order termporal sccuracy and betier than first-order
spatial accuracy in Ly-nomms for one- and two-dimansional st problems. Results from two-dimeasional
simulstions of flows over stationarv and maoving cylinders are tn gond agreement with those from previous
experimental and nusmenical studiex.

4.1.1 Backgrowad

Semmersed boundary methods (1BMs) have gained popularity for their ability 1o handle moviag or deforming
hodics with complex surface geometry (Pevkan 2002, Mittal & faccanno 2005). Peskim (1972) first intro-
duced the mathod by deacnibing the fiow fickd with an Eul 4 and the d
surface with » sct of Lagrangian points mium'unumndlowwmlomehdym
try as the no-slip boundary condition is enforced at the Lagrangian puints by adding approprisie boundary
forcey, The boundary forces dut exist m smgular functions aloag the surface ia the continuous equations are
daaibdbydmdehfmkmhmoe‘uhm)kﬁxnuoﬂmmwmmm

MmﬂyﬁhmMumwnnmﬁnhﬂwﬁm&vﬂmwbﬂ:n
forcing Nunction was computed by Hooke's law (Peskin 1972). This techaique was later extended W rigid
bodies by tking the spring cotstant be a large value (Beyer & LeVoque 1992, Lai & Pevkin 2000). Goldstein
ot al. (1993) applicd the concepx of foodback control 10 compuie the force on the ngid immened surface.
mmmummmumw:yhudu-wm

Ter. For the aft h 10 mode! flow over rigid hodses, the choice of gsm (vifncas)
mﬂudk“hpmmhmaﬂﬂmwmhhmmmwupm
and formulate the IBM in 8 general framework for rigid bodics (ss well & bodies with prescnbed surface
motion).

In our formutativn, we trost the bomdary forces in 8 tanncer analogous W the disoratiand pressure. For
the incompresible Navicr-Stokey equations, prowure may be viewed us o Lagrange multiplier tequired to
mqu&mrmmwﬂns&mhw.mﬁmmkw“hpﬂcmmﬂm
that satisfy the no-elip constraint (Glowiroki ¢ al. 1998). By introds T P
operatons and groupiag the prevaure and force !osﬂhu..t ble Navier-
smmmumuMmmmmdeMwummm
step method. Although previous research bhas i d boundary techniques with the radi-
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where 8" s the N-th order Taylor series expansion of 4 1 R
v
4 '-r“-mrh%ur'l.w‘- 'Eg-‘l’(” et
iw MILYIMY oty
-l

The last ieem in Ex (4.1.4) éa the leading order emmue rewulting from the truncation in B, Lot us note that
£#" s symmetc and can be mede positvedefinite with appropriate chosoes of A7 and N (Perot 1993). ta
the uarrent stuation, thare alwo exists 2 secand-order temporal discretizaon error from the AB2 and ON
methods. As discussed in Porot (1993), the Mmctiona! step error can bo absorbed by the discrete pressure if
LM and G are commutative (for example, in the case of pefiodic domaini). otherwise there remains an
N ardes emror,

Equation (4.1.4) is more commonly written in throe seps:

At = e by, (Solve for intermediate velocity) (4.1.6)
CB'Go=GTq" + b, (Solve the Poisscn eqoation) @Ln
=g ~2Co. (Projection step) i

Since both A and GTAG sre symmomic poutive-definte matrices, the conjugsie gradient method can he
atilized 10 solve the shove momentum and Pessoa equelions in en cfficient manner In genenal, for noo-
matrices, varioas other Krylov sclvens can be employed.

Tlere the dincrete pressure is donoied by @ without any superseript foe its time level, ax we regard pressure
s o Lagrange mubiplier (Chang et al. 2002). There has been extensive discussion on the exact time level
of the discrete preaware varuble for vanows treatments of prowsure in fiactional sep mechods (Strikwerds &
Lec 1999, Brows etal 2001}, For the present method, ¢ is 8 first-ocder scearate spproxumation of presware
intime, vis. 2*° 72, Since the first-order pcoursey of ¢ does oot affecs the temporal accuracy of the velocity
variable (Perot 1993), wo usc ¢ as & umpic representation of the prowsure vaniabic. 11a second-order sccurate
prescare is desred, Brown et sl (2001) shaukd be referred o for farther modifications 1 the fractional step
method.

Although 8 detailed stability analysis is not offercd in this paper, we doemonsrste that the present method
dewcribed i1n the next section can sably solve for the Bow Geld for CFL. numbers up to |, as shown m Section
5 %m“wmmhwu}hhmnﬂcmmmiu
i d wpelle 1996). The time siep is limited by a lower bousd of
szi“nfquluh:ofhnmlnmmmﬁnvdomymdpmuinhprww(thn
constant and { is the inwwrpolation arder of welocity, hore [ = 2). While romedics aro offered in Guermond
& Quartapeile (1998) and Cadina (2001), we have not wilized thom hete since a much Larpee &7 is usally
wricciod based on the CFL constraim.

We note in pasing that the form of Eq. (3.1.3) is known s the Kanush-Kohn-Tucker (KKT) system
that appean in constrined opumization problems (Nocodal & Wright 1999), This system minimines 3 term
vimilar o the kinetic encrgy:

mi? l(f")'u"-(r-')'(f‘u.) whject o D9t @ 0+ ey, .19
uumqlhm&mm‘mmphy-mwummhmuuﬂd
o minimize the sysiem enerpy and satisfy the & & int of di

Lagrange
wvelogity field.
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tional fractional siep algocithun, the entice 1BM itvell has pot beca rogarded as a fractional step (projection)
method, as reporiod here. We follow the algebraic approach of Perot Perot (1993), where the fractional step
method 1 weitten as 8 block:-LU decomposition.

hummwmwum&w&mmdqmw-nhhrmmwhn
IBM. In Secuoa 3, we ducc the i d boundary ion method. This formulation i compancd
0 previous methods in Section 4; namely the onginal IBM (Peskia 1972), the durect forting method (Mobd-
Yousul 1997), the immerwd merface method (11M) (Loe & LcVoque 2003), and the disritaned Lagrange
multiplier (DLM) method (Glowinski etal 1998). In Section 5, sumerical examples arc considered 10 assess
hmwﬂmwmmyormwmmmmlmhnﬂdmnm“
simulated a6d resuits are compared 10 previoms exp { and ical stodics. Section 6 sussnarizes
the current formulstion.

4.1.2  The fractionn] Step Method
We consider the incompresaible Navicr-Stokes equations

e VomoTpe Lvie, @i

¥ =0, “12)

where u, p, and Re are the suitably non-dimensionalized velocity vector, prevsure, and the Reynolds aum-
bex, rexpectively. FMQMWMIMTM 1969, Kim & Moia 1945, Perot 1993, Chang
atal 2002), the irod with 8 stagy sh fisste volume formulation weng the wn-
MCﬂ\m(lehhm—muhuﬂmmMﬂ»Mﬂﬁ
AhnmruMmmmm-ndedqum

b 9606

where ¢”* ' and ¢ aro the discrotized velocity Sux and presmws vectors. The discrete veloatty ean be rcov-
oedby ' =" '(" Mlnndﬂmthmammnmhm
fiux. Sub-metrices G muu&mm-‘ﬁmm
wmmmummthn- *Lmnuh(ml)mmn
trix snd L is the discreto (vector) Laplacian. We construct the Laplacian 10 be symmeunc, bence making
Amn\-dk The right-band sde of Eq. (4.1.3) comsists of the eaplicit terms from the momentum

7, sud mbomogencous tomms from the boundary condition, by and bcy. Details oa the discretiza-
tion of Eqs. (4.1.1) and (4.1.2) can be found in Perot (1993) sad Chaag ot al. (2002). It is interesting 10 note

that G = « D' for the staggered grid formulation.

The unditions! fractional saep method by Charm (1968) and Témam (1969) was introduced W wive
Eq (4.13) m an efficient manncr by uing an approxumation for 4”1, Ja the present analysis, we adopt the
obsorvation made by Perot (1993 that the fractional sep method can be regarded ax an LU decompouition
of Eq.{4.1.3%

[ erdl 7(S)-()-@)-(FET). wo

4.13 Immerved Bosadary Prejection Mecthod

The Discretized Navier-Siwokes equations with boundary forer  Since the discretized Navier-Stokes
mh(‘l}L-Mwhummwbmmuumdww
i ol

tiphiers 0 satialy the contismty consininl, coe can imagine sy by
increasing the numbct of Lagrange multipliers. Hence we incorp the po-elip from the IBM
into the fractional step frumework.

The IBM istroduces & set of Lagrangimn points, §,. that represcet the surface. § 3, of as immerved
object, 7, within a computstional domain, ¥, whose prometry need tt conform 1o the undertying spatial
gnd. Al the Lagrangian points, sppropriste sutface forces, ., arc applied 0 enforce the no-slip condition
along 3. Figure 4.).3 illustrates the setup of the xpatial diveretization. Since the location of the Lagrangian
tequired: one thas pasacy information from the boundary points to the naghboring staggesed grid pomts and
another ene that conveyy infonnation in the opposite direction,
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toprescot the discrow w, ol ¥, velocities locations, respectively. Presstre p; is positionad at the conier of
each coll (2 ). Lagrangian poines, §, « (£, 7 ], along 93 arv shown with £lled squares (W) where boundary
6 = Uiafya) are spplicd (= $).

We consider the conlimous version of the idle Navier-Stokes equations and expiain how the

m-u&mﬂu-mmuuunnwww The in-

bl NeveerS wichab ry force, €. s6d the no-slip coadition can, be conmderd
.um-ﬂqumm

Fee Ven Ve £ Pue [12(0)8G - 10 @i

Vemd (4.1.13)

wia.0) = [ uix}dn =M =malfin), @

where 3 @ @ a0d {(.7) & 9. The boundary 34, pacamettized by 4, s allowed 1o move 5t a velosity
wg(${2.7)). Coovolutions with the Disac dela functicn & are usod © allow the cuchange of information
from 2. 10 F and wioe verye ja Equ. (4.1,10) and {4.1.12), respectively.

The discretizacion of he sbove sysivm results i

T -

where H f comesponds to the last torm in Eq. (4.1.10) with £ = {£;. /)7, Similer to the discrete preseure,
we do 5ot place & meperscript R ame level oo / 10 enphasize it 10lc a 3 Lagrange suluplier. The no-siip
condition, Eq. (4.1.12), is eaforced using the constrsint, Eq”*' = 5" Here 4, G, and D ae the lanplicit
opersior (o the velocity flux, the ductvte pradient operator, and the divcrete divergence opersior, respec-
uvely, and 72, bey, and bey are the expliclt terms in the momentum oquation, the boundary condition voctor

Similary, the regularization opersior s a discrow version of the convolution operatar in Eq. (4.1.10) that
pamses infurmation Srom e Lagrangian ponrx, 4, w the neighboring staggered grid poimts, x, Defining 4
in » manner sisnder w0 £, we obeain

Ha = PRAG ~ ) ms =)
(4.0.19)
= bael,
where § is the ical | i0n fuctor p 1 dr, Note that a diagonal matrix A/ is inctuded for
it y with the fractional step fo Tt should be observed that £ and ¥ are symmetric up 1o a

constant if the diagoaal matrices X © and A7 arc absent.

‘Next, Jet us achicve gresnetry betwoon Ge (3.1) a0d (1)) block etsies in the presence of R ' and & in
Eq, (4.1.13). Wo abaort the offsct in scaling inw the pnknown boundary force by introducing 4 transformod
forclag function [ that sisfles

Hf=-E'} {4.1.20)
The original boundary fiwce can be rewrieved by f = —iv(EN)EET]. In the cave of wing » uiform
Cartesian grid with &x m Ay, the relation simplifies to £ = - g2 /.

The discrote deita functive of Eq. {4.1.14) currently roquores the wee of a uniform grid i the vicinity
of 357 w ssiisfy a st of propertics moment cooditions (Roma ct al. 1999). Since the mangs snd domain of
£ md H are ooly linited to the seighborhood of 822, non-uniform discretization can still be applicd sway
froen the body. Although it is not pursued here, i would be imeresting t0 generate discrets delta functioos
hat ace suitable for & noo-uniform spetisl discretization around the immensod body.

Note that eymmetry between £ and H s 00t nocessary for discretization, but it sllows us w0 solve the
Mmhncﬂumm“wm“&wwmm
toos. for P Beyer & LeVequo {1992) consider much cases jn »
Mu‘dpﬁ-

Immevsed Douadary mrthed via prejection Now that we huve formulated the sub-matnces G and D
wch that D = -G and introduced u tmasfonmed farce. . the overall system of equations, Eq. (4.1.13),

EIGEAE. -

As proviousty discussod, both the discrete premure and boundary forcing functions are Lagrange mui-
sipliors snd. algebraically speaking, it & 0o lotger necessary w muake a distinction betwoen the two. Thus
srganiring the sub-matriors and vocioes s Eq. (4.1.21) i the following fmbion:

0= 16,27, x-(,). P 73 (4‘5}) @i
EqQ (4.121) can be ximpiified 1o 4 KKT systen v
5 9(5)()

which is now in & form ideatical 10 Eq. (4.1.3), providing metivacion 10 apply the sane factions! step
Mhmmth-thWuLUMoﬂqulﬂ)
4 (] s"o Y. [~ Yo

& ovds (3)-0)-(FHYR).

resolting Gom the Laplacian operator, and the b 24 ds vestor Fromn the divergence
opermor, fespoctively. uuumumuao 7, bey, and bey) are identical to
mumuumwwmuuux

The two ices 1 a0d £ are introduced %o regularize (wmear) the singulsr boundary
mm.haumwww-ﬁwﬂmuw
mmvdy“vilv*bnu—‘ atri P

¢
The operstors i and £ are from the imed

MmmAmumormunwm“m~um~w
Rormm ot &l (1999) whach ts wpecilically desgned for u on staggerod gids (whare eventadd de-coupling

s-s&-,/-:(n-ﬁ)'.nl forB.SAr < I § 1847,
i - I*J-S(t)’«ll for r; < 0.5, -
]

otherwese,
where 47 is the cell width of the staggered grid in the r-direction. This dhscrete della fhnction i supposted
over caly Gwes oclls, which is w0 advestage for wnal effic We hove oot found mgnificant

differcnces ia the resules for the current formolation with altemative discrese dckta fanctions. References
Peakin (2002), Beyer & LeVoque {1992) may be consulied for & vanety of delta functions.
~mwmmnm;wmuuwmguwumxmm

functions can be used both for P P opceator can be derived
froen discretizing the comvolution of @ and &,
k)= /. w(x)8(x ~ £)an “11%)
ylding
e = Ax8y 3 wdls, ~ QW0 ~ ) (4.1.16)

for the two-dimemsional case, where v, » the dasercie velocity vedor defined oa the staggered gnd (x..7,)
aad 1y s the discrete boundary velocity & the k4b Lagraagion point (5,70). For the three-dimcnmional
cast an oxra facsor of Aad{n - ) 4 nooded. Lening a denote the factor preceding the summation., the
imterpolation operasor for Eq. (4.1.14) can be writtcn ac

Eay == ol = )l = ), @iLm
o that the no-slip condizion 1s represcoted by
b w B = -.( @i

where £ 2 E2°" 10 allow the tme of the flax, ¢"* =< R, froem the fnctional-step foresatation. The hat
% wsed 10 reprosent the original operstor and s removed cace a tremfonnaion (e.g. X ') is applied.

As in the original fractional siep method, there i an V-th ondey splitting emos. Note that this eror cannot be
wwuwmxnw'maummwhmm
Hence, » thurd-ond an discussod in Porot {1993) and Section %,

mumwmmmau-ﬁ-q-wulmn
but with  replacing ¢ and Q replacing G

A=, (Sotve for intermeisse velocity ) @.1.2%)
FHOA=y =, [Salve the modified Poisson ecpation) (4.1.26)
La X8 (Projectioo nep) @i

The main differmces berween ihe prescat and e Taditooal fractions! sicp methods wre o the Poisson
modified Potwson equation. The projection sep femoves the non-divergence-fiee and slip componcat of
the velocity (rom the miermediste velocrty field m coc sicp. The numetical construnt of no-alip exuts only
t the Lagrangian points, hence making the di of H xnd ] considersbly smalier than those of G
sad ¢ Thas it is wging that there is no sgnificant increass in sixe of O B0 in the modificd Poisson
cquation from G7BYG i the clamical fractional svep method.

We can aill sotve Eqa. (4.1.25) and (4.1.26) with the emjugase gradient method as both cft-hand side
opertorn are symmetric and poslivedefinite  Some care must be taken 1o make 07 BYQ positive-definite
=ad weil-conditioned. First, a in the traditional fractional step method, ooc of the discroie prowase values
a2 be pinned 10 a certain vahic 10 remove the zero eigemalue.’ Sacood, B repeating Lagrengian pomts
are aliowed 1o avoid Q7 20 from becorming singular. Almo, © achicve » reasornsble condition mumber and
10 prevent peoctration of streamlines caused by & luck of Lagrangian points, the distance botween adjacens
Lagrangian pomn, Ar, is sct approximascly o the Cantcsian prid spacing.

In the case of moving immersed bodies, the location of the Lagrangian points must be vpdated & cach

tume and so must £, ie.,
By B = B (P ) oa) @iz

snd similarty for H. These operston can be precompted = each time sep by knowing the locution of
the Lagrangian pointy @ priori. The current tectmique is not hmited 10 nged bodies and can model flexble
moving bodics {f we are provided with the location of @& at time level n = 1. For deforming bodiox, the
volune of the body mmmt be isochoric 10 satinfy the i conssraint. The corres formeulation
weats (e deosity of the body and the outer fluid 1o be equal to cach other.

414 Comperises with sther immeried boundary metheds
Lot us compare our current (ormulation with » few other IBM, in particular tho ociginal IBM (Pokie 1972),
the direct forcing approach (Mobd-Yousul 1997, Fadiun ot al. 2000), the IIM (Lee & LeVeque 2003). sod
the DIM methed (Glowinadd ot al. 1998) to clarify the fundamental differences. Since we only sclect » fow
TBMs that are mowt similar 1o the current formulation, Peskin (2002) and Mital & laccaning (2005) should
uwhmmmmmmmuw-ummm
ing the no-alip condition along the immoncd boandary 1w
'n-—.-a—-—-.u-u-au—-nuu—-—-— l-n-au-uaw)-e—-n
wrcheegues | driad for the Puesecn cpaetion with 2 Newnawn Soundary cosdien

h-mqqﬁwmw*wﬁp&“muwmdu
drvrvicred Pevowcs ogmstion.




dwmwmmhmmmwmmmmmnm
time integration schemes, the updating algorithms for the L poiots, and the i relations
For the boundary forces am omitted for clasity of discumsion. The discrete spatial operators snd the emporal
wresunent of the discrete pressare variable way not be identical 10 our version but renuin conceptually
wimiles.

The original immerved boundary methed (TBM) The ariginel (BM (Peskan 1972) is 2 modification to
the taditional fractional sep method, Fqu (4.1.641.8), to simulste flow over a flexible bodv. An explicit
boundary force term M /” computed with Hooke's law is added 1o the right-hand side of the momentum
equation.

A = b+ B, 4.129)
CT8YGo = GTy =bay, 4.1.30)
=y -8%Go. “4.131)

At every time siep, the location of the Lagrangian points on the sfastic surface ls updated. Although & is
ot considered here, a source/sink ean be sdded o the presmre Polsson equation 19 apply & correction 10 the
ity oquation (Kim et al. 20013
Let ws discusst how e original 1BM may conceptually be refatad to our method. Hooke's lsw can be
writen ax: fo= x($" - §), M:huwmﬂ{'hhmmhhw
surface. If we are to and we obtain:

%ﬁ-:(r;‘-s{"), @13

wung the implicit Euler time discretization.  Adding the boundary force t0 the momenmum equation. we
obecrve that the overall sysiem has the lom:

fPIC)-CE)  wm

For rigid body simulations, x > | is choscn 10 reducs the cffoct fram the (3,3) sub-magix (Boyer &
LeVeque 1992, Lai & Peskio 2000). 1n the limit of & <= =, we recaver our current formulation, Eq. (4.1,13).
mmmqu(nunm.mwuumwwm
1967) that approni atides e contimuty oquation with: 42 V- « 0, whers # is an anificial
Mﬂmmmmqumuu-h@-ﬂ-mwbmmmr,
in Eq. (4.1.33). Insead of Hooke's law, a foedback contraller (f= ~x; [ o(§, T)dt - cyu(§, 1)) with lage
gains (1, > § and = 3 1) has also deen used Lo compute the bouadary force (Goldatein et al. 1993), which
rosults in an idmtical structare w Eq. (4.1.39),

Howewer, large gaits used in mch constitutive relstions add stifficss 1o the governing system, thus
peohiibiting the usc of high CFL numbers. For inatance, CFL numbers weod in Lal & Peakin (2000) and
Goldstein et al. (1993) are #{10°%) 10 £(10°") for simulstions of flow over & rigid circaler cylinder. It s
pomibic %0 use bigher CFL oumben by lowering the gains at the expense of relsxing the no-stip condition,
In contrast, the cument projection method sotves for the boundary force implicitly with no constinstive
relations and behaves similarly to the taditional fractionst step method in tesms of temparal sability. Heace
simulations can be perfoemed with CFL numbers as high as 1, which is reported later is Section 5. Ta

5

Wrmnmhmafnd(mﬂm-ﬂyw.hﬁdﬂmhﬂhpﬂ
sidod finite duffe 0 obla jump {or higher-order denivatives. Their results along with other
numerical 86d expenmental studies for flow over a stationary cylinder ate compared to o results in Section
£

The Lagrange (DLM) method  The most similar method to our formulation is the
DLM method by Glowinski et al (1998), who osed in 8 veristional principle (finite clament) framework.
MM-MM»muMMW%(L&MM}uﬂ-“
tigid body to satisfy tha no-stip conditi ly twough projection. The main difference between our
formulation and the UM method liex m how the, projection is applied 1o the veloaity field.

Concepoually speaking, we contider tho DLM method s a different operator splitting spplied to Eq. (4.1.13).
Their overall system s solved with the Marchuk- Yanenko fractional siep schemo (Yanenko 1971, Marchok
1975) that decomnposes the overall operativns into theee operatons related to: (7) the divergence-free condi-
Uon and prevsuse, (i) the convective and diffusive operators, and (iii) the no-slip condition and boundary
force. Bocause the projection operatory that remove the noa-divesgence: free and no-slip conditions are ap-
phied scparately ot diffsrant sub-ume levds, these two constraints cannot be smultancously satufied by the
velocity fiekd.

In our Gonnulaion, thers is only one projection step that simultancously removes both the non-divergence-
free and slip component from the velocity field Wa also noto that our formulation scheeves socaod-order
sccuracy in time by choosing » suitable appecximation for 47!
summary on the comparisons hmmwmumdummmm

as 3 commective term o account foe the ao-slip condition. The between the aforemen-
mmuum-mm«wﬁm&m-ﬂmhu-

dotermned, the contmuity equation and the no-alip condition are satisfied through a projection sl the sxme
time lovel in our fonmulation. The DLM method is found w0 be the most similar method but differs in how
the projoctons are applicd. Our overall IBM is viewed as & projection method to allow further generalization
and sumenical isvestigation from an algebrac pount of view,

41.5 Validation and Verification

We sumevically investigate the mmporal snd spetial converganoe of the currost method m one- and two-
dimensiona) model probloms; namely the Siokes’ problem and fiow inside two concentnic cylindery, respec-
tively Also, flow over s circular cylinder is conmdered to validato the current method in stoady-state and
Wncment flow, Mu-mwwd-mmumu.qu-.w

msking the scheme formally fint-ordor sccurite. However, we suppress the fint-acdor spatial error by using
a very smooth grid stretching. effectively keeping the overall error 10 second-order. In the vicinity of the
hody, the spatial grid 15 kept uniform with its finest resolution and Axey, = Ay = Ar. U-l—-u-u
otherwise, N = 3 is chosen for spproximsting 4 *

previous methody, it 15 0ot cloar how the gains o the magnitude of the forcing function relate to how well
the no-«fip condition is satifiod. On the other hand, our method satisfics the continuity equatios and the
20-lip condition exacily to machine procision of, if donned, © » proscribed tolcrance.

The direct forcing methdd  The direct forcing method (Mobd-Yousuf 1997) approximaces the boundary
mmwwm-mmw, Thhw-um-en-ﬂymndhu

plenmlddndymlh equation by i no-slip condition ncar the
cprually speaking, the -qma.r.q(um.hmwmu

(Bt~ HEYAS + LHEY" m (M- HE) (7 + boy) » TRV, (4.134)

G'B'GemG g +bar, (4135

=g ~B4Go. (4.1.36)

Here HE interpolates and then regularises a vector, which scts 33 & filtering operator o extract the velocity
fald neac 38, A diagonsl tnass matrix & is placed for scaling such that &f ~ HE = 0 acar 3@ Facion
of | /s are inserted in Eq. (4.1.34) w kecp the order with respect 10 O/ consistont (pote that £ = @(1/47)).
Conceptually, the sbove equation bocomes £¢° = o5*" near the immersed boundary snd reduces 10 Ag” =
(r* « bey) away from the body. The difference between the modified momenturm equation, Eq. (4 § 34), and
the momentam oquation from the traditional facticaal sep mahod, Eq. (4.1.6), can be expremed s the
boundary force for the diroct forcing method:

o1
r-i-i’lu_ﬁ'.-m'-ﬂ/-;q) @i3n
"Note that this method enforces the 80-slip condition on 47 but ot on ¢* ™. A projection step is spplicd

Ridel enctly; -
Alhough slip in ¢**! i reported 10 be small (Fadius et al, 2000), the magnitude of the emor cannot be
estimatod {a 8 doductive mannes.

The immersed interface method (IIM)  Next, we consider representing the 1M (Loc & LeVegque 2003)
hmm--whnhumuwm-wmw
and nosmal comp (/s and £., respectively of the force, H /2,
uwhhmw--mm“dkwwmmhm
mented into the pressure Poisson equation in termns of & pressure jump condition across the interface. The
overall method can be dewcribed as:

Ag" = by +HS (41385
CrGy=Glq + b+ GBS “4139)
g NG - KO (4.1.40%

mb-w(wn)n-mm“wmumm-(co = &) king the jump con-
dition, [p], into considerstion. Since “

lems. Howevez, the construction of the correction tenm b requires explicit knowledge of the boundary force,
and i pot casily made implicit as devised in our formuintion.
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Figure 4.1.2: Setup for the one-dimensional Stokes' problem.

One-dimensional Stokes’' problem  We firnt sasess the socuracy of the cument method using » obe-
dimensional $1okes’ problem where an infinitely long fat plate is impulsively st inio mOton With e « |
n an imitially queescent viscous flusd with v = | (Figure 4.1.5). The initial cooditon for the simulstion is
2t 10 the exact solution te the Stokes” Mﬂ.mman-olbm-m-mm
mmmnuwmh with e study.

are p o a3 penodic ! domsin i both £~ and y-dircctions with waiform prid discretiom-
meMMMuwanmﬁmhmM&e
velocrty profile nesr the transisting plawe Sputial and temporsl convergenos 1 analyzed w torm of the L. and
L:na—ofhbonunlvebmyme,--(yl) ;. over the domain y) € [0, §] (o poo-dimemionat

longéh: v,/ /¥ € [0,3.162).

Figure 4.1 5{a) asvceses the emporal L error for vacious sizes of non-dimcnsions time aepe, VAf/A.
The error was eompuied by comparing the solution 10 8 temporally refined reforence solution o fixed grid
resolition w Inolate the spatial discretization emror. We calculate the error st ¢ = 0.11 with 4y = 102,
The throe comvergence carves on the plot result from the wse of differemt orders of cxpansion N for BY (or
47"). Note that the splinisg ervor from Eq. (4.1.24) is larger in magninude than the underlying socond-order
emror resulting from the tme integration schemas. Henoe this splitting ervor direcdy mftucnces the temporal
accuracy for the range of A sonsiderod. As dixcusscd in Perot (1993), the splitting error cannot be absorbed
by A because LA~ and Q me not commatative even for & periodic domain.

Next we pesform simulstions with & very fine time step (& = 10°*) and compars the roubns 10 the
exact solution st 7 = 0.101 for varyiag Ay, The velocity profile in the vicinaty of the plate is influeaced by
the rogutarization of the Dirsc deka function, This slters the velocity derivative 3t the imenersed boundary
cauning the first-arder accuracy of the L. norm as shown in Figire 4.1.5(b). Fortonately, this smearing eflect
is dominare caly m close proximity of the plaie and the underlying seoond-order convergence is acheved in.
the Ls scnse.

Flow imside twe Fora 1 test problem, we simulste flow between two
wwmmmﬁn-muq-l-nn-mmmumm-
shown in Figure 4.1.5. The outer cylindor is held stationary while the inner cylinder is rotated with angular
velocity Q.

we(m) 02
0--——"— -l lﬂ( 005)' (4.1.41)
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Figre 4.1.3; Enor soms from the one-dincaionsl Stokes’ probiem, (a) Tempoml Lo nomm errors with
diforeat cedens of expansion, N, fox A"\ N= : O N=2 Cand N3 & O)The Lz Qand Ly O
wpatia! velocity emror porms.

moving the witially quieseent flusd of 7 = 0. We 1aks a poriodic computationsl domain of sizr [~ 1.05,1,05; x
1 1.05,1.05] with uniform spatial revolistion and compute the azimunhial volocity eror, ¢ = we{r,} -
ovor r, & [0,4] (inchuding flow ineide the tmer cylinder) teporting the L. wad Ly norms.,

We study the unpect of the splitting covor from Eq. (4.1.24) on the temporal coovergoncs by contparing
ot resslts 0 & reference solution obtained with » very fine time siep, &7 w S x 10”4, and spatial resolution,
AtwAvedinios, mwmawmuwuum-l Figure £1.5(s)
shows that the ordef of ion N for 4" agaie the bebavior of convergene 1o 8 fashion smilar
1 the coe-dimensional cave. Mi-hm&—uﬂ-lm&mMWm
sasts W affoct the total ermor 4t the wmallont thown time sop. Based on bots the one- 3ad two-dimensional
3t problems, we recommmend the use of thud-order expangion N for peactical problems, There also is an
advackago in choosing N = 3 {or schieving posttive-definsicnem of the modified Pousson squation with larger
choice of A7 (Perot 1993),

Next we consider the sputial accuracy of oor method st sicady-#tase by comparing our resulis 10 the
axact solution. The viscosiry is reduced 10 v = 0.01 in order 10 e & fine Av while satisfying var/ae <1

© keep 87 postive-definsc. Figune 4.1.5(5) shows the rate of docay [or the spatial enor 10 be | end abom
1.5 in the L., and the Ly scase. Although the firxt-order convaegence is expeciad from the oss of discrete
detta functions, Rurther kvestigation is required W explain why second-order sccuracy from the undedying
tpatis] discretization cannot be achieved i 20 £; meanra.

The spatial accumcy of the pressire is also studiod by comparing the current solution to the exnct soly-
on o strady-satc. Besause the presmac based on the cutrent schemne only solves up © & constant (snce
we pii the prewsure W0 ramove (he o cigervalue), we compare the solutions by matching the pressure s
r =0 for all casss and compute the arror nomme along the x-axis from 0 16 7). The wifinity and Ly omor
avrms arc plotied agaios the gnd sizs @ Figure 4.1.3(c) for the same problem considered in asscxsing the
spatia) scounncy of welocity. As expectod, the spatial accuracy follows the same oend ax the velocky shown
in Figure 4 1.500). Dug to the presence of the discrore Deita fooction aloag the immereed boundary, the
preseure desributon is sffecied limiting the spatial sccurscy to onders of onc and sbowt 1.5 for the mfinuty
and Lg nomx, respectively.

'b-u-a‘-qq“. We eansider flow over 3 ciroulw oylinder as anotber test problem bocause

readily svailable from proviows and numarical wudics, For the numenical sudics, we tist
MM&N“UO&M‘MWJMAMW)MMM\&
data are svailsble Owr & e p d by » cylinder of diamoter

:-nu.wwmwmmmm--~-x Reynolds msmbers of
n-u/v-maum—mawhmwnm—uw
Wm chta (vhte"

™ ! domain is i iformiy in both x- sad p-di while the grid spac-
uuwmwmmumw_)hmvwdhmmu:mu
parmmeters usod in v simulations, where A, 30d #, are the samber of cells ia the x- and y-dircctions and
ay is the mumber of Lagrangisn poioi om the surface of the cylindor with A % Axpy = Atee. Compu-
wiions are performed with different sizes of & to cnvwre that the boundary conditions slong 39 do oot
nfluence our saluticn Left (inflow) and latersl bowndary conditions slong 9 are set to wuform flow of
(,%) = (. 0) and wre placed far swny from the cylinder. At the outlet, the coovective boundary condition
{#9/3¢ v . du/dx = 0) is spplied 10 sTlow vonicity w0 exit the dommn frecly. Various spatial a0d teroporal
cesolutions aso chosen to ensure that refisble solutions are adtained. W record the masman CFL number
(CFLae ™ Mo [y} in Table 4.1.5 from cascs of Re = 40 and Re = 200. Nose that the current method
yicids a stable solution evon with CFley, = 0.81.

Figure 4 1.4: Setup or the problem of two concentric cylinders (jancr cylinder rotmes with angolar velocity
o
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Figure 4.1.5: Error normns from the probien of two concemtric cylinders. (a) Tomposal L. nonn erors witk
dilfercns ordens of cxpacsicn, V. foe A" i N i O N w2 S andNe A 0 The Lu: Qand L: O
spatial velocity ewor nonma. {¢) The Lot C and £2: £ spatial pressure ervor norme.
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temparal ermr (wa)
sputial erroe (p)

Table ! Parameters for spatial xnd tomporal di ion used in the simalat The CFL
mambers are from Re = 40 Re = 200 (1) cases.
", X 8y & ay
Casc A x

Cose B [ 3004300 |~ :i-so.ni 002 0005 Oake  IS7
CamcC | 300x300 (~15,45/x-30,30] 0033 00125 oKy %4
Case D | 300300 [~10,10]%(~30,30, 00333 001235 078 94

For comparizon, we compate the force on the body applied by the Bow in werms of the drag and Lift
ooeffuckents: Cp - F/WJ-IC‘ F, 14, respectively. where pald = 1. The farce on the cylindee,
F. can be obined simply

v0)= (F0) = - [ [ metenatsini) -

4.1.42)
= -3 Hoafudxdy !
v

using the regulanzation cpostor and the boundary forcing fimction.  Sommation over / i unplicd w take
place scparately for each direction of the force vector.

mm-wu»-mutnw“ummm
resslting wake dis and drag are comy h‘hw-hm'ﬂu\n
of the wake i characterized by /, 2, & and @ (ap 2 A d by the diaan defined
in Figure 4.1.5 following the motation used m Coutanceas & Booard (1977a). The paramcters. /. . and b
represent the Jeagth of (he recirculation zone. distance from the cylinder o the center of the waks vonex,
and the gap becwron the contors of the wake vortices, respectively, The scpanation angic is denowd by &
measured from the y-axix The steady-sate vorttity contours and streamlines from Case B are shown
Figure 4.1.5 for Ke = 20 and 40. The flow peofiles are i close agr 1h tha d  the literature.
‘The wake peoperties from Caxcs A and B are comparod against previous experimental and sumenical viodies
in Tsbie 4.1.5 and are alio foond 10 be ot sccond.

Next, we consider flow over & £ylmder st s Reynolds mamber of 200 10 reproduce periodic vortex shod-
ding. A short tisne afier simulations sre inttisted from uniform flow, a perturbeticn i 8 form of an ssymaw-
ric body forcs is added 1o trigger the shodding instability, Numerical results replicate the periodic shedding
of vortices ®o form the Kirman vortex street as show in the vonicity contour of Figure 4.1.5. The resulting
&t and drag cocfTicacnts and the Strouhal umber, $ W fid/n., Where , s the shedding frequency, arc
Mnmmﬁuntﬂtuilﬁmh&uhCMDuMwhh
good agreement with previous findings.

Results from Case D compared to Cases B and C suggest (hat the placement of the sutflow boundary s
ot 100 eritical. As & pair of potitive and negative vanices convect downstream, thei effect on the cylinder
bocame less unportant since ther fw-ficld induccd velovity would sppear 10 cancel. On the sther hend,
we have observed pronounced interforence from the tateral boundary conditions when the height of the
tomputational domain ix shorcned,

Flow around a moving cylinder Ax ouwr lant test problem, we swrlsie flow around » ewcwlar cylnder
in impulisive tranalation o validate the prescos method for moving bodies. The sioslation i porformed

&




Table 2 Comp of d s 1 studics of wondy state wake dimensiony and drag
mﬂbﬂhnmﬂmmlcﬂnbfulﬂ-}ﬂu\d& Ww«wmg')
Co

- I/d _ald bjd

it-!ﬁ cm!mu?ﬁ-r .93 0. 146 4507
Trinoa (1959)° - - . < 8
ateDennixJFM70 LU - a7 208
Linick & Fasel (2005) 093 036 043 435" 206
Presert (Case A) 097 039 043 441 207
Prescnt (Case 8) 0% 037 043 413 206

Re = 40 (‘mlmd(laﬁ T3 076 059 SiE -
Trison ( 1959)* - . . « 159
Demnis & Chang (1970) 35 - - 5y 182
Linnick & Faael (2005) 128 072 060 SIN US4
Prescot (Case A) 233 078 060 5410 158
Proscest {Cave B) 230 073 060 53T 154

Table 3: cwmdﬁmmm«mu“mmram“mm—m

emental sod numevical studics 3t Re = 200. M&lnhﬂdwu&(’% X
Re =200 Belov et al. (1993) 0193 LI0S0042 2064 |

Liu & Kawacki (1998) 0.!9} 13120088 4069
fal & Peskin (2000) 0.1% - -

Ruochko (1954)° ol - -

Linnick & Fascl (2005) | 0.197 13440044 +0.69
Present (Case B) 0196 13520048 £0.68
Present (Caae C) 0195 13420047 2068
Present (Case D) 0.197 13640043 3069

Figuee 4.1 8 Defimtson of the charactenstic dimensions of the walke strocturc.

N §

2 o

Figuee 4.1.8: Snapahot of the vosticaty field with contoar levels from <3 10 3 i increments of 0.4 for Re =
200.

by moving the Lagrangian body points st each time step. As these points dufk their positions ia time, the
regularization and {sterpolation operiton are updatod sccording o Eq. (4.1.2%). We initially position the
cytindcy with et diameter (o o 1) o the origio aod imputsively set it im0 motion 19 the left with a constant
mdn--Lan—dhm—h-ldk- ‘omid/v w 40 ana 200

downain & is taken W bo {~16.5,13.5] x [~ 15, 15] with volip bovadary condition
wﬂddﬂgi? Noo-wniform grid i wed m-«mwamwwm.mu
Afpia = 0.02 pesulting in & grid size of 425 x 250. A constant time step of & « Sxpn /2 i chosen Joch
that the muxicoum CFL cumbers are Emited fo 0.98 and 0.81, respectivily for Re = 40 and 200 during the
sinulation from 3 soo-dimensional time of ©* & [w/7/d = 0 10 3.5 Quicscont Bow is used for the initial
condition.

Wa present mapshots of the flow ficld & noo-dimensional time of * = 1, 2.5, mad 3.5 ia Figure 4.1.5
Left and right figuees illustrate the vorticity ficld for Re = 40 and 200, respoetivaly, The flow ficlds are tn
agreement with those in Coutancesu & Bouard (19778) and Koumoutsakos & Leonard (1995) fix Re = 40.
For Re = 200, the flow exhibits & generation of strongss vortex pair ia the wake of the eylinder. In the two
cascs, the solutions are maoived well cven near the boundary and the diffarence i the effect of viscous
diffusion is nicely captured,

Tho drag cefficicnts for the two ascs are lvo computed by Eq (4.1.42) during the simmlation and stv
plotted is Figure 4.1.5. Compatational ronds based on voriex methods from Koumoutsakos & Leooand
(1995) aod Cottet et al. {2001) aloag with the amalytical sexics solution (Bac-Lov & Yang 1975) walid for
carly time are superposed on the currens rosulte. The current scheme reveals the ingular behavior of the
drag ot the start up time (O1/v77)) expesienced by te cylinder due w the impulsive motion (Bar-Lev &
Yang 1975). Our diag cocflicicnts arg aboul 4 40 5% lacger than those from the vortex method. Additional
simulstions were porformed with soalier grid spacings and larger computational domaina. Howover, there
weare no noticable changes ia our solutions 10 scoount for the difference.

We also measure the length of the rovirsulation 2one, previously defined a3 [/d in Figure 4.1.5, in the
frame of reference of the cylinder (¥ — g, v) for validstion over time. Ja Figure 4.1.5, these lengths we
compared with the reporied curves from a aumerical study of Colling & Denniis (1973) and experimental

3

2

Figure 4.1.7 mmmf.:—@mhmnwwhumwnurm
3wini of 0.4, snd comvesp lines (botiom). For kef ad right plota, Re = 20 and
40, respectively.

findings of Contancess & Bouard (19775) and arc found 10 be in exceflent sgroement shown by the overdaps
for both Reynolds numbets.

™ ip T _hBPKanhelmnmm-e

example. s rectangular Mat plate of aspect atio, 4R = 2, st an angle of stuck of @ = 30 is instantancoosly
gemersted in a uniform fow field ot 1 = 0, The Reynolds number is set 10 ¢ w 100 and the
domaia is taken wbe [~4,6.1) % [~5,5] x |~ 5,5] (normalized by the choed) with  grid sizs of 125 x 55 x 80
(mmdmmwmﬂmtqﬂMhmm
from the plate, while keeping wiform o in the close proi body. The time sep
dhmhh-ﬂﬁ:-qblﬂlﬂd.&mﬁyuhﬂhmtommw
0.5 during the simulation.

Ia Figure 4.1.12, the spanwise vorticily contours ak the midypan are comparcd o diginal particlo im-
age welocimetry (DPIV) memorements acquined from & companion experiment performed in an oil low
ﬂSMMM&WMnM-khmMMMW
on the plate valid: the throe. i d boundary p jon method. Tho coraponding
M-ﬁmnwurwnuumumam
truling-odgo, and tip vovtuces. The iowurface bere are pamecated (e sast Q-value (second invariant of the

tuse at this low Re. Results with various aspect eatio, angles of stack. and planform grometnes are examinod
in further dewl in Taira o al (2007)

42  Fast, multidomsia sigorithm

hmnMnEMumw.w(mm)m
that allows the froe to be x watisfied 1o machme roundofl. By amploying
& fhst sine vransform technique, hhﬂ-mb&mhmsmhweﬂhwvm
diroct of inerative echnaces. Ammnmuwnmwm

induced by the body es well s vorticity that advoctw/difTuses 1o large distance [rom the body. The mulu-
muuwnwnmnummr«ummm

In the ness vection, imph » sulispace (discrote fooction) method (Flall 1985, Chang et al.
2002) that allows the di {ree w be ity setisfied to machine roundall. We
mh-{uwuwmmmm(mmmmhmmyum
tike equation for the foroes can be efficiently solved esther directly for stationary bodics oc ineratively for
moving bodies through the use of & fast sine Fansform. While aniform grid spaciag » in fact requirad

'rhpu-uah.—u-_uvn-u.u.o 4 (me” - u{’;h——.—tﬁh_ﬂds-vn
and yyessmere of Vu, (wmt ot ol 1958). C e vercity porm, pomiter O-valore
:-h“—uwn-——nu—dh’“
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Figure 4.1.9. Snapsbots of the vorticty field sround an mpulsively moving caculay cylindey for Rr = 40
#0d 200 8 noo-dimensienal time of " = 1. 15, md 3.5. Contoar levels from -3 10 3 in lncrements of 0.4
are choven.

1=1iS

t=13

i

Figure 4.1.12: Seapshots of spanwise vorticity (@) profiles along the midspan (2 = 0) at Re = 100 for a
roctanguler flat plate of AR = 2 and @ = 30° based on smoistions and e DPTV measurancom.

t=13 t=13

Figare 4.1.13: Top view af vortical strociure behind » rectangulsr plate of AR = 2 30d a = 30° represcoted
by an isosurface of Q = | for Re = 100 ¢ differemt Umes. Strcamliocs are overlasd with color consoor
Indicating the local velocity sorm Som blue 1 red i incroming magnitude. Flow direction froe top left o
botown nght.

124

W 4. 1.8

Figars 41,10 Hisory of the diag ooefficient of the body for Re = 40 and 200 ( =) compared with
ayocrical solutions from Koumoutiakos & Leonard (1995) (Re = &0, ~~—) and Conet o al. (2001) (Re =
200, ~~=) and analytical sotution by Bar-Lev & Yaeg (1975) (=3 valid for carty time.

(a) Re = 40 (b) Re = 200

s '

0 0,

o 1 r! 3 o 1 ’,2 3
Figura 4.1.11: Length of 1he recircutation xone, {/d, in the frame of refrence of te moving cylinder as 3
ﬁmmf ot (2) Re = 40 and (b) Re o= 200 compared with previous stadics. Presend rosn: e—e—
ol C & Bouard (1977) (Re = 40, ~——F; and numerical study of

Coﬂutoa-h(lm)(k-m.—-l

-uw,xmwnmmmmuimnmmm«mn
i relatively inefficaont for oacmal flows whete the domsan nceds 1 extend 1o large ditance from fhe
body. hbmmﬂii—ﬂ-l; -mhmﬁ-ﬂ-—yhuh&yh
shis is & e with (he el sine bere, To
mumamtuwwmmm-wmm
faxt method and aflow the domain 10 be more snug arvund the body. The asw boundary ceaditaas account

Validation examphes proscnted i sections 423 and 4.2.4 the «fficacy and improved cfTs
respectively, of the revised formulation.

421 Nallspsce methed for the immersed boundary metbod

Nallspacr app The rullspace oc discrete fi spproach (Hall 1988, Chang et al. 2002) is
# mothod for sulving the symem (4.1.21) withow the mamersed boundary Sormulation. In this cese, the flow
oaly ooods 10 mtiafy the mcompressinlity conetraint, which loads us w0 the use of discrese stopwn function,
= vach that

guCs, wan

wheee C represcnty the discroie curl operator. This operitor i3 coastrucied with column vecurs correspond-
i0g W the basis of the ullapace of B. Chang of al. (2002) sbould be consultcd for details. Henoe, those
opentons snyoy the following relatun
DCwo, “21

whach ically enforces i ity »t all time; Dy**! = DCA*! = 0. This discrete relmion s
mnﬁhmmdlnmuyv Vx =0t

Pre-multiplying the mometum equation with C7, the pretsure gradicnt torm can st b removed from
the formotation since CY G = ~(DC)T p = 0, resuliing in only & single equation 10 be sotved for each time
ep:

c',cor" =T+ bey) “n

In this method, the most Il of the fn siap method, mmely the
mhﬁ-“nmﬂﬁsm-ﬁnuwm Moreover the frac-
tional siep error arising from using ab spproximate 4 ' oot prescat snce an approximes LU decompo-
wTon is B0t required, This festure ted Chang et al. (2002} 1 call this wehnique the cxuct fractional siep
neethed.

We note that the operstor C7 i snother discrete cur opesation, sad that:

y=c'y, w24
s & second-order-acournite appeoximation 10 the circulation in oach dual cell (vorticity multiptiod by the cefl

area pormal $0 the vorticity compoaent).
mwmhwkdum*bmuhhmw-(ch‘ui

“Notr that e sav w1 ey = D Whech 18 the cane o ine Damdary comdinems W cummh here. Merr poaerel enene Gop
ey hey 4 0 cm e handied ¥y Sallng L ‘Wtee and miding the pelubonn \ By (4.2 1)
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Mumﬂv&ﬂmﬂdhuﬂmw?milh(ﬂﬁi&@‘) In three dimension
there are thiee that are defined at the canters of the odges
d&w(ﬂ)ﬂwbhwymwhmﬂ

b

Fagure 4.2.1: Locativa of variables on staggered 30 mesh. Velochy components are defined at the osnier of
tach edge. Streamfuncoos xnd cavulstion ars defined similarly for the Vorono: cell-in this case s coll that
s offsct by half s oel kength in cach direction.

RNullspace approsch with as immerscd boundary I order to satisly both the incompressibility and the
oolp ions with the nullsp haique, it would be Y 10 derivo & busis for the nullspace
of 7 Although, » singular value decomposition of 07 can be performed to sumerically detormine the
nullapace, the result is oot in geocral a sparse seprosentation which 3 desirable Rr computations! feasibility.
An malytcal derivation of the nulispace operstor docs not scem W be an easy task cither. Morzoves, in the
peoeral cane where the body is moving, the pullspace represewtation would nocd 10 be recomputed 2t lemst
once pey timesiep.

To cucumment tha dilficulty, we once sgain rely on a projoction approach. Conider the system that is
obained by iacorporating €7 ami ¢! = Or™*" 10 Eq,. (4.1.31). The moompressibility commraint and the
prewsure variable are eliminated and we arrive at another KTT system:

T ol f
% LU0
The loft-band-side matrax i symmetric bt in general indeflrte, mekang a direct lution lem clficient The
prosection (fractional stcp) approach yields

A = A, *26)
EC(CT4c) " (BT} = ECr-u, I35
= - (CTa) e, (“2s)

where we have a5 not yet inucred an spproximation for te imverse of C7 AC. Direct solution of this systom
m the general case requires & nested iteration ¥ solve the modified Possson equation. This may bo feasible

2}
( 'l.—.\) )(zq'j-scw'sr—-f'. 421
Yy -r-.t(r«-—-a) SEC) ], 4214

“The veiocity, boeded for the next time step, may be found by introducing the discrete sreamfunction:
o = O +bey, L =SATSY + e, 4.21%)

Each of the vecton Acy,, lavolves the assumed known valoes of welocity &t the edge of the computa-
ona] domain. Their values arc discussad ia detail in the next section.

lnhmmﬂw‘b.mlymﬁnummdhdﬁ?q.(tll!kwidupou'u‘w
definite beft-hand-mde operator. Thet the matrix w positive definaic can be secn by inspection. The dimen-
s003 of the matrix arc now ¥ x Ny, and thus sy fewer iterstions are required than the original modified
Poisson oquation. To be more precise, cach iscration on Eq. (4.2.13) requires @(N{2i0gy N + Naw = 4d))
operations, whore N i the number of vorticity unknowns and N, i the baodwidth of the body-foco regu-
larization/interpolation opesatons®, and d is the dimeasionality of the flow (2 or 3 for 2D or 3D, respectively).
For the discrose Deilta function with 3 support of 34, we bave Nj., = 34, For the original Poixson oquation,
tho cox per Meration is G(N X (Nyw -+ (24+ 1)/} + 4uf), where | is the order of the spproximate Taylor-series
inverse of A wod the factor 24+ | ia the stencil of the discreie Laplacian. Furthermore, using standard c3-
tismates for the mumber of idcrations roquited for comvengence of the conjugatc gradient method (Showchuk
1994) slong with the known eigeavalucs of CTC. we can estimute that the operation count per tite mep for
the Poisson solution has been reduced from®

o (N'AN(Td+(24~1)/))  operstion count for original method,

P (N’n,w(!b:;N-W)) operation coont for Eq, (4.2.13).

For example, i o three-dimeasional case with N = 1287, ¥, = 10", f = 3, and } = 3 tho extimated
wpeodup i aboot 30 For s two-dimensional case with N = 1287, Ny=200,dw2and ) = 3, the speodup is
abow 10. m-hhrmdnmwm”mlnwhwm
10 solve & syssem Ax = b for the in Section 4.2.4 for the two-
MMW&MMMWMMM(&MMuWM
prodicred). Fn-lly u-dhhmmdwm&-mmmnmh
i Gris ically xero to round-of0.

lmhdyuunwy Mh?vml—lhm{uhfmmuwvnlwdm-
nangular Choleaky decompomition. This results in s vastly lower work per Gane-step, since the opesation
mfwh?ohm-ﬂwnﬁnplyd(ﬂ}). In this case the computationsl speed is limited caly by the
sohaion of Eq. (42.12).

To wmmanine, f the grid is mifirm and simple boundary conditons are wed, & i vastly preferible
1o solve Eqe. (4.2.12) to (4.2.14), We refer 10 this in whit follows a3 the for method. Unfornmately, for

SWe have waad the foct it V7 < N o arvivmg ot the esiemate.

PHiere the focters 43 ur Ny ot o eonsnsted wther of Werstums of the compugaie: gradient pebeet, ihe ¥ logy N factor
comes fraem two (fast) wm Tanefocma. the (3¢ » 11/ busar trom e Laplecton, snd 2 from tee mocrpolovom, tegutensanon, O,
o (" aezaiasm et

n

umihﬁm-heuhqnmmn-mpmm“pﬂm-wm
position of EC (CTAC) " (EC)” once aad fir alt, sioos the dimenaion of the system scalcs with the sumber
of forces for the immersed boundary. In this case & system of equations of the form C7 ACx = 6 need be
sotved once for cech force w the begit of the

Fast metbod for usiform grid and simple bouadary coaditioas Ia this soction we reven 1 the semu-
discrete momentan equation,

u-i’--c,«z'}- #{g) = Ly+ ey, “2n

where symbols are as defined proviously. The divergence froe and wo-slep A
\wmmum ‘,"‘ jon, the sysem of banlwdmtummn{m
resulting i 8 ngfh - i Mmhﬂ-wm.«lwm

in all coordinate directions), the mass mxtriz M is the identity matrix. We asmume (or the mosment that the
vatocs of the velocity are known in the region outside the computational domain. We apply simple Dirichlet
boundary condisions 10 the velocity normal 10 the sides/adges of the computational domain, snd & Noumann
bousdary condition W the velocities tangont 10 the sidex. Lacking further information, one could specify.
for exarpils, » no-peoetration BC for the normal componeat of velocity and 8 2010 vorticity (or no-stress)

ditson for the g mnpend comps These are natural boundary conditsons for sn external flow
Mhmwﬂemkhp I the next section we will show how mmproved esamaers (o
the volocities ovtaide the computmional domain can be obtained via » multi-domain

With these simplifications we operate o0 Eq (4 29) with €7 (which climineses the pressuse) and we
obtain

ﬂ. CTE o = BCT Oy CT A (5) 4 ey @2l

hmmmmunmwmlq- PCCT g » - POy provided that Dy = 0. Nero ffis &
constant equal © 1/ {Rea”), where A s the uaiform grid speciag. This idontity mimics the conticuous
identity VwnV(V a)-VxVxum-VxVxu

With uniform grid and the afe icned bouadary di the matrix ~ SCTC is the standard
discrone Laplacian operstor 0o & S+, of T-paint swacil (n two and dwoe spatial dimcusioas, respoctively.
mmm #bove resuls in xvo Dinchlet bousdary conditions for 7. This disarcie

Laplacian is by o sine transform that can de compuied in ©(N'logy N) oporations (where N s
the dimension of y). We donote here the sine tramsfoem pais:

FuSy = y=msY, “2.11)
whete the ciscumllcx denokes e Fourier cocfficients  In writing the tranaform paw, we have usod the
fact that the sinc tranifrm can be oonmalized so that it is identical 0 M3 iovene. Further, we may write
symbolically A = SCYCS whete A Is » diagonal snatrix with the eigenvalues of C7C. These are positive
a0 known analytically and we note that there is o 3o eigenvalue (since the houndary conditions are
Digichlet).

Applying the same G hing scheman used proviously we obtain the fi sywem:

(1) ar - (1-Bcrc)

~ FOCaW)-CaiY)
+ Arbey, 21

»

exsarmal flows, the simplificd boundary conditions are not effoctive unless the computational doemain is quite
luge. Sisce the grid is also roquired 10 be uniform, cves far away from the body. the Lager domain would
quickly nogate the beneflt of fast method. Howawer, in the oext section we discuss en aliemstive strategy for
mplcmanting boundary cooditions in the fas method tha has 8 mare modest cost penalry.

422 Far-Geld boundary conditions a multi-domain approach

Thb-nhdnkuwlﬂdwmmuﬂym-duymﬂbh
boundary and known vorticity, These can be sct 1o 7em if the comp doeem is isnily large. For
snatler domains, this will kead %0 mgnificant ervors and, i particular, the foscos computed on the body will
wuffer » mgnificant Mockege error. The arror arises (rom two sources. The first i the sxiensive, algebrascally
decaying potential flow induoed by the body (or equivalently, the system of forces) The second is that
wvorticity may advoct or diffuse thevogh the boundary. I our original metbod discussed W Section 4.1,
these ervory are mingmared by using » largs domixin with » highly stresched Cartesixs mosh near the fardficld
hondm-(hlmbm;wﬁuupdmw.hbdﬂ.weﬂubymuwwmm
outflow boundsry condition. Unforunately, streiched meshes are mcompstible” with diroct Fouries methods
fou solution of the Poixaon equation. In Gus section, wo show bow 10 pose an sccurste far-Geld boundary
condition that is slso compatible with the Ga method dencribed in the fast section.

‘We sart by brefly reviewing relevant boundary conditions designed i reduce one o botk of the afore-
mentioned arors. For ermors arsociated with the slowly decaying poteotial flow, 8 few tochniques have been
poscd in the past % purck i the potential flew extending {rom the trunoated computational boundary to
infinity Rennich & Lele (1997) propase & tochei form h d & and one penodic dueo-
tion. Their mothod is besed un masching the d solution to anatytical ion of the soluticn
o Laplace oquation outside s cylindricsl volome. Theymn-mw;ummhuym
large-scale computation, but this cost is more than affsct by the sbility w use much more compac domaina.
Wang (1999) presents & similar spproach for two-duneasional Sow bn the form of a earrection o & thal
solunion that sstisfies an sncorrect Dirichlet boundsry condition. Vortex particle methods i principle su-

lly ncooust for the ive potenual Bow by e vorticity. Howevar, o practice it b
ofien becewary ¥ romovs particies that advect 10 lange distance from the region of iotoresl. An interesting
twchaique 10 reduce errors ausociated with romoval of particics i callod merging, whoreby the circulations
of mvoral vortex partsches are combined o ¢ sngle clamen! whes ey e sulliciencly far from e body
(Shicls 1998, Rossi 1997).

The second type of erroe associated with vorticity advecting or diffasing Girough the boundary is typ-
ulymnmmmuym For incompreasible Bow these are usually called

apremidle fow the term aca-reflacting boundery sondition
nmmmmb~mwmmmmmuwm
ary Methods that eploy this technique vary from eef hoc specification of layer wadth, demping strength,
m.mmummwmmmmmmuwh
the perfectly mowched layer (Berenger |994) for lincar wave
Eﬂ-mﬂhlﬂﬂ)&lmuﬂﬂdn&mnhmwnmm“
that prevent reflection of waves from the interface. Another Vechnique called npergrid (Coloons & Ran
2002) i based on an anslogy with turbuience modeling - that the effoct of the trbulence modol ix W model
scales 100 fino 1o be resolved 10 the computational caesh, whereas the effect of the boundary condition 3 o

Tia mrtaan aporaal o cemamare Errvhed arde o i i for s
Cain @ al. [T984).

n




model scales wo Large 10 be resolved i the compustionsl domain. A full discussion of these techalques
s beyood the soope of this paper; we refor the reader 10 some recems references for further details (Sani
& Groaho 1994, Jin & Braza 1993, Ol'shamkii & Staroverov 2000, Coloniun 2004). These tochniques are
designed 10 retnove yorticity from the domain st smoothly as possible thereby preventing undesirsble ze-
festions or slissing Most do mt sceount for the veloaty induced by vorticity thet has alredy exited the
domaia (s non-loca! effect).

Wa presct bere an alternative trchaique that shass some fosties with thess previous methods, espe-
clally thowe of Reunich & Lete (1997), Shicls (1998), and Coloaius & Ran (2002). I is besed 00 & multi-
W (it describe the method @ words. The bawc iies is e comider the domain as emhedded i a largor
domain byt with & coarser mesh. The circulation on the wmer (emaller, fines) mesh is then mixrpolated or
coarnfied omlo B ower (larger, coarser) mesh. The Poisson cquation is solved (with mor bowundary cond)-
tioos) 08 the outcr domain. This soluticn is then inwrpolatod along the boundary of the inner mash and the
Poesson equetion & mived, with the “correcied™ boundsary value specified, on the inmor mesh,

Sisnilar 10 the vortex merging method discusscd above, anry existing circulstion In the outer portion
of the larper downain is retained from the previows tiroe level In ths way, we approximaicly scoount Sor
circuiation that has advected or diffused out of the inver domain. Clearty, the 3olution 0a the cowrver mesh
containe s arger uncation ervor for the evolution of thes vorticty. Howeve, mversion of the Laplaciss is 2
mwwmmd&ﬂdﬂwwﬁw&nhmm

Being i d i the flow 1 the vicanuty of the body
Hiw*)whdhﬂﬁ-uhmmmn—qhm&hm-um
domsin.

We spply this tochaique recunsively & oumbser of times, salarging (sod coarsening) the domain in cach
80 level. Wa choose 10 keep the total number of grid points i each direction fixed on cach medi; we
magnify the domain and coursen the grid by » factor of 2 ot each gnd level. The procedwre is shown
schematically in Figare 422 The vortity i repeatedly coarvifled on cach progresarve gnd. The Poisson
oquation is them selved on the largest domain, in tum providing 2 boundary cooditon for the next smalier
domain. The process o then repeated uatll we retum o the onginal domain.

The velocity feld decays aigobmically in the fae-fiekd and we thus expet arors swociated with the
boundary cundition on the targest domain 10 decremse geomesncally a the siae of the largest domain b
Mhhm-—#.wmmmwmamym
with the inverse of the disance to the vortical reion. Analyt given in Appendix B show Gl
we obtain a factor of 4 roduction in the boundary error with cack progreviively Langer gnd, This, of courve,
is what would be obtained by simply extending the ongiosi gnd 1o a distance oqual w0 the exient of the
m#hh-hmﬂ‘mhmmm-nu—qmm

than quadratically {in two dimensions) or cubically (1o fhree dimensions).

The method can thus be writien as follows. Wa define the domain of each grid ss 2 k= 1,2, - N,
whore k = ) rofors 4o the original (smallest) prid and & = N, refers 1o the largest coe. We then define the
mult-donaim wwene Laplacian

£ SATTSH, @116

where § is sn arbitrary lnput vecsor (with length equal 10 the awmber of discrete circulation valucs on the
d). 1 s the whstion (with longth squal 1o the aumber of discretc sweam (unction values), and the operstor

SA T8 implies the following operarions:
L “am
#n wherex € 971\ 90 1,
- {F’"‘*“’tf“"’) g 95-9, “2.1%)
kw23 - Ny
¥ a2 B Y (42119)
A “lm_k'[’o-ll-a)('u)))' (4220
ko NpNp= 1,001,
1 = SNT5p=AY, 4221)

Tlere P 11§y o fine-lo-coarae interpolation opetator and P44 U iy jay cosrve-to-fing counterpen
restriciod 0 3949 U by be,,

In ooustrocting P, it would be desizable 1o preserve (1o machine roundof!) conain moments of the circo-
Iation distribution so thal the velocily decay rato far from the body i comect. In the provent implementation,

we stiemgx 10 prescrve oaly the sotal ciscul Switching from matrin/y 6 point-operaor powtion,
we wrile, for the two-dimensionsl casa,
I ]
(e )y, = 8
I - \ -
* " fu t.:" u-l
1
» ‘fut“‘nul ‘i“lm .:-u-n 4222

The 9-point stencil lends 10 a conscrvation of the wtal circwlation and is socond-order aocurste based on 8
Taylorseries sxpansion. We noic thal the coefficicats in Eqg (4.2.22) sam 1o 4 since the circulstion a the
(dual) el s the yornkity meultipticd by the arca, and comrsifyiag e grid by a Sacsor of 2 rosults in a factor

‘We aos that circulation is only mrictly preverved if there is 0o vorticity advecting or diltusieg out of
the onginal domain. During vorticity transfor from fine © comrse mesh, circulation i only preserved
the leval of L wrror, mioce the di e mntﬂhuxon—drnaumd

%ummamMMMdhmmwm

Figure 4.2.2: Schematic of 3-level multi-domain solution of the Poisson cquation.
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weise the overall symem of equations 1o be solved at cach timo-step.
J(l-%l\)h‘"' - (I-%dc)y""
= F (T H-Cgt)

~ Bralfpsn s ().
b= Np N,

ec( (ItLA) )(sq']-zmc\_fﬂ“'-d;". «224)

- ’"r"(""Tu" 'scm'f. (2125
! = SAlsy (4226

Note that i solving for the streamflmction at the nevt tume step, Eq (4.2.26), we sve the conmfied carco-
Lation fiekds and streamfunctions to we on the nghs-hand-side of Eq (42 27) ot the next ume step.

When vorticity erosses the boundary of a given gnd level, the 74/} ficids are not pecessanly smmooth
acrom the inserfieces, espocially st the coanest lovele. The propagation of & vortex through mesh lovels is
examined o the next section and it 1 posible 10 see some shight intornal roflections of the local virculation
noat the boundsry. However, the errors remain confined 1 & mall region posr the boundary and dilfused

mu-nyumiulﬁ-q
The multi-domwin 4 increase in experme. Smoe we pow
mumﬂ“ﬂhp—x,mummu.w
Abmdﬂ,.mh#_-b the fast algorithn devoribed in the previous section,
mnuh.-:“h socursie that consputationsl docue cam be misde
g around the dody. Rwa: mw:a—-—nm
Wuuuwmlhﬂbw& m flow shont a hody Thes is cmple

the mullapace formulation, &
mmmmmu(-ugﬁkmmdn in £q. {2.24). In prciple onc could
add amy powntisl Nlow m v wey, st least provided & sstisfics the diswreve Polason equation with zom
right-hand-side.

Velocity field for aa Oseen vortex The Beld associsted with 8 Geumxan dis-
wibution of vorucity (Oscen vorex) is compuned with the muulti-doamin conditivert. This et ts
used o valdate the methodology moce it is pomible W denve analytically the "3

mmuwwum«”uuuwnuum
boundary conditions can be o o ad ia describod in B
mwwuummm-lﬁiﬂuhkﬂmdaw
domain, the rate improves 10 16 %.




The varuasty field is wotialezed with
wixs) o pe @2
whare 7 = /T 1 18 the distance from the origin, The analytical solution for the azimuthal velocity is
) 2
lch.)')-m(l - -). 42.28)

%mhmuh:-uﬂmrdﬁmmmemmwublr-k In
what follows, ail longths and velocil ized by R and U/, resp ty. The vorticity is evalustod
-hmd-mmm&m(ndmmpumnmdmmd&
Poisicn equation is sobved using the multi-domam method discutsed above. In Figuee 4.2.3, contours of
the velocity ia the x direction wee plottod for a case with N, = 5; the welocity computed co each of the
$ donmine are overimd e show that the velocity field remams smooth Grough the domam tanmtions In
Figure 4.2.4, the Ly crvor of w (the entise discrete velocity Acld) is plotted as N is varied roen | to 3, for
two different computational domaine. For the rectangulas domais extending 10 44 and 48 in e x snd
¥ directions, respoctively, the decay follows the 4~% thearetical estimate tyough N, = 3. For the square
domain extending %0 4.5 in cach direction, we observe tho 18™% decay down 40 erron around 107 which
can be shown 10 be roughly the leval of the trancation error for the sccond-order finite-vohumne method af
@us gnd deosity. For the nonviquars domain, we reqoire about N, = § 1 reduoe the boundary condition
otros t a similar level.

yiR

-$0 S0

L)
x/R
Figure 4.2.3: Multidomain solution of the Poisson oquation with Ny = § for sn Oseen vortex. Contours of
the velocity component in the 5 direction are plotied for each of the § grids. The smallest grid exiends 1o
+5R, with grid spacing & = 0.05R. Contout levels: mia= 0.2, max= 0.2, increment=0.02

Propagation of aa Oscen vortes  In arder 0 evaluate csrors sssocistod with vorticity advocting/diffusing
twough the computational boundary, we again use the analytical solution amociated with an Oween vores.

n
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Figure 4.2.5: Eevor in aormal velocity st the origin for propagating Oseen voriex with N, = 1, 5, and 10.

Figure 4.2.6: Propagating Osen voriex & £ = J00R/T oa the largass domain with N, = 10, Color contours
tepeesent the sormal velocity. The inset thows a zooimed region naxr the vortes. The black Lioes s contours
of the ciraulation which it reprevonied on caly a few grid poimts of the largest mesh st thits time,

™

o = mexgerlly
3

Figare 4.2.4: Ly extor in » with mwltidomain solution of Poisson cquation with socreasing N, for the Osoon
vortex. The horizontal black line shows the approximate level of the truncation error.

Thmanwualhvd-\(x‘v)-(ﬂO)debnm-nrmﬁmuﬂhwﬂdhh
mazimum velocity of the voriex. The vormeity and acimuthal are sill by Eqs. (4,.227) and
(4.2.28), respectively, but with the madius, r redefined with 7 = Ut 4. Again, I and the lnitisl
mh—nnhslsu.hmwmv&l&mdmhumdm-
r= K. Agaio we sel Re = 300,

Figuee £.2.5 shows the eror in the velocity st the origin for a domain that sominaily extonds © £58 with
§ =0.03. Since the velocity decays fikc 1/r, it has a long-range effect, To achicwe icss than 1% ermar withoos
mmwmmmmuwwmnzlm The arror is initially scro (evea
with the dits due L 5y As time progr the eeror increases snd
reaches 25% for Ny = 1, mm-uwwwmm&mdmm
With N, > 1, the vorex is progremively transfimred jo the next largest mesh  intervals of tme § x 27,
nw oo Ny With Ny s 5, the eoror stays below 1% up © nondimensionsl tme 80, when it lewves the
coarseat, lacgest mosh. There are small oscillations in the etror cvident during grid-to-gnd transfor times.
The associated wtal circulstion changes by at most $% during these tranefers. With N, = 10, exvor from the
‘boundary condition is undetoctablo Up 0 time 100 and the eror i contrulled by the 2nd-order discretization
error and stays below sbout 0.2%. The sotution & e 100 is shown ia Figure 4.2.6 on the burgemt mesh.
The magnified region is shows a5 in #n insx and shows contours of the vorticity and nonmal velocity. By
time 100, the vortex would bave physically dilfused 10 a core siax of sbowt .68, whescas the grid spacing
o0 the largest dornain is 128R! The velocity field near the care is sompletely wroag. but the cyculston
ts mearly conserved snd this induces the correct potoatial Row far from the core. The physical (smallest)
domain s also depicted on the plot and, 33 is shown in Figure €25, the onor st the origia is still lews than
aboast one percent of the comect value st that time.

Poscatial flow over u cylinder  As a final example, we coassder the potential flow tnduced a1/ = 0" by
an impulsively startad cylindet of diamcser D. The immeniod boundary wies 571 equally spaced Lagranpan
points snd the domain is defined snugly around the body, extending to +0.55D 10 each diroction with grid

™

wpacing A = 0.0055D. We mitiste & wniform flow with speed U and lot the body “maserialiec™ at 7 = 0.
The solution is obtained by petforming | imo-sep of the Navier-Siokes sotution wsing the fast method with
multi-domain boondery conditions. A flow field obainod with N = 4 i prewcnted with the exact powatial
flow sobution n Figure 427 The stroamiines are found 10 be 1 agroement with a slight difference ocar the
immensed boundary doe 10 the regularized seture of the discrete delta fimction. In Figure 418, we compare:
The exact potestial flow solution ¥ the punserica! solution along the top boundary of the mnenmost doman.
for different Np. We cbrerve the entimatod (4 ) comvergence (soe Appondix B) down 10 a level of sbout
1072 afier which the leading -order ervor is dominsted by the Guncation efror arising from the discrete delta.
functions at the immersed boundary and the discretization of the Poicion equation.

"
xo
~

Figuee 4.2.7: Streamiines arcund a circuler cylinder for poiential flow for A = 4 with solutions from the
first two mncs multi domaine shown, Present result (———) and the exact solution ( ~—) are presented.

424  Performance of the fast method

We canciude by wing the pert of the Gawt nutl Amuslti-dosain d boundary mcthod
Wdhhawlwfmbyhmmﬁtummmumm
cytinder of diameter D aod compare o published resules (Linnick & Fasel 2005, Taira & Colonius
2007), Computations are performed oo the domain F(1) = [—1.3 < {~2,2] with A = 0.02D where N, is
wariod botweoen ) and 5, The cyhinder i ocntered sl the origin. The (low is impulsively staried ot £ = 0, aad
the body i sationary. Thus the Cholesky docomposition 1 used 10 solve Eq. (4224).

After twnsent offectx with the impulsively d flow bave died sway, we examine wake
mdmahthwwaNrMnM-ﬁm
M{uh-wnﬂm()nnbhlwdi respocttvely, For the sloady flow st Re = 40 we repont

of the st thmk-dhhwm’yhnh-»bn
ropont shodding frequoncy and Suctusting bt and drag cocllicisots Ch of the wake
-nwurwt.u.xmmm-n,umuummmm.d
results to the previouly pubdlishod data. b appoars that N, = 4 i ssfflcsnt © recover [he previous resalls
Note that for the original IBPM. computations are performed over a domain of [~30,30] x [-30,30] by

80




Pigure 428 Velocity arvor slong the sop boundary of the seallest domain for differont A, (o). A gurde of
4% s also shown ( we—e).

300 # 300 stretchod grid pomty with the finest resohution of Ax = Ay = 0.02. The time step for all cases are
chosen W be & @ 0.01 to Lmit the maximum Courant number 10 1.
hnﬁmhwuummnmmu»u—mhhm

of shout 15 for the steady flow and 63 for the unstendy flow We have found smilar speed-upa in o vanety
of problems on which we have tested the code. Wo note that we have thus far only implemented the fas
mathod i twe dincnsions (the ongnsl algorithm has beca validased m both two end theee dimensions).
Spoed-ups for thrve-dimenidonal problems are likely 1 be more dramatic as discussed i Section £.2.1.

Next, we compare the spoed-up from for » translating clrcular cylinder sumulated by moving the Ls-
pangisn boundary points. Now Eq (4224) is mived ivrstively with the conjugate-gradient method. A
cyfinder originally st the onigin st ¢ = 0 is impulsively tramlated 10 the Jelt with unit velocity with Re = 200,
The innermost domain is selocted 23 9711 = {8, 1] x [ 1,1] with & = 0.02D and we use N, = 4 multi-
domuion havide this highly confined 9471, the raaslating cylinder generates two counter rolating vartices
in the wake a2 shown in Figure 4.1 for 7 = 3.5, The varticity profile is m scowd with previous results
reporied in Taus & Colonius (2007). Compared 10 8 computstion performed with the origiasl approach,
fhe peesent computation i found 10 be 43.4 times fwacr. Recall that o speed-up of 530 is obaerved for a
waticonry oylinder (Table 5), which suggonts thal the overall algorithm is suill solved efficicntly even with 8
moving immersed boundary.

443 1 4 and adjeint fo
For doriving reduced-order models uscful for conrl design using the approumats’ balanced tuncstion
anthod sutlined @ mction 4.4, we it Lncarias the Nevier Stokies squatsoon abowl a pre-computed sieady

noolinows tenm. A derivation is oullined in Appendix B of Ahuja & Rowlcy (20106), wnd the resulting
CQUALIORS T

§ «CTE y = =BC7CE + (CT OO0 a0 a9

ECL =m0, 436

where the variabies {, § and v aro dual 10 the discreie cirrulmion 7, stream Amcrion 2 sad body force f, ro-

spectively, and g, = CZ ia dul 4o tho fucx ¢. The sdjoint of the lincarized nonlinear torm is (C7C)uA (30)" ¢o.
which cac be shown 10 be 8 spaial discretization of

N Vx (98 % ga) = Vo{gw = 4. “an

Since equation (4,).5) &llers from (4.3.1) voly in the lat Yonm on the right hand side, the mumencal io-
togratar for the adjoint aquations can be obisined by » mmall modification 1o the salver for the lincarized
equations.

The uature of the multi-domsia schome uvod w0 approsimato the boundary conditions of the xmallest
vomputational domain rovulns jn & eult-domain discrete Laplacian that is ot cxacdy scif-adjoint 1 mu-
mencal precision. As s rendl, e sfjoint formalsion given by (435, 4.1.6) which also uses the xame
mmulti-domein approsch, is not precise and rosults in gnall, rather insignifs errors m the comp of
the roduced-onder models.

44 Baslanced Proper Orthogonal Dy sition (BPOD)

Baln Proper Onh il De 40 m--wwmm-uud
Mmmmkwmdm Balunced was dovelop
¥y Moore (1981) and is valid for wable cyssems of the form
KmAxeBu aal)
y=Cx §
Thes method uses the concepts of cvatrollability and obeervabulity of » fysiem. and stans with defining the
comrollability 6d sbeervabllity Gramisns of the sywem (4.4.1) as RUows:
Wm [ P @an
wi W= [ AT Ce o, (443)
where astariaks are used b0 denote adjoint operstons, deflined by
Bux)y = 5 xhy, VwEW and VxeX, (4A4)
CHe=@Crly, VWEF sd WreX (44.5)
The Gramians (4.4.2, 4.4.3) have s sice physical iom. For ilicy, the mini EOGE

of input energy soquired w0 drive the sysem (rom the Origin o time f = -« 20 8 state xy 82/ = 0 is given
by Jefly = 239, ‘m. The states that can be resched uxing the loswt input enery are the moat controllable
sates, and gy icaily, they cam be rep by the major axes of the ellipeold ¥ Wox = 1, while the

3

{jd eo/d bjd 8

Re=40 Prsm(bpmd) |1 Tt
Prescod (N = 3) 101 067 053 S40" 168 . 188
Prescot (N, = 4) 217 0% 059 SF 158 142

Prosent (N, = 220 0720 039 S)s )35 113

Tairs & Colonius (2007) | 230 093 060 S7 156 |

Table 4; Compurison of results from the fast-method with previcualy reported valuoe for seady-state flow
around a cylinder st Re = 40,

&
TRe=200 Preme (=3 1 K]
Prosent (N, = 3) 0200 14040052 2070 347
Prevens (N = 4) 0197 13410046 1070 654
Present (Ny = 5) 0195 . 13450048 £068 530
TCI97 1343004 0.9

Taira & Colonius (2007) | 0.196 13520048  20.68 1

Table 5: Companisca of rosults from the fassmethod with proviowsdy reported values for unvicady flow
around a cylinder st Re = 200,

i, Addescribod in more detall in ANGS & Rowliey (20108), the et squations sve:

O R e TN @31
ECim0, 3
where A% (1) is the spatial discretixation of
PRGN, 33
and the fiux ¢ s related 10 y by ¢ = C(CTC)"17. The boundary conditions for the linearizod oqasts
are ey, = 0 on the outar boundary of the langent commputational domais.

mwt&-wd-d—ubnﬁ-a‘n“m appeoximase e ob-

Oramusns. 1o onder te derive (e adjoat formulstion of (4 3.1, 43 2), we define the {ollovang
m«-mm

My = Ln(do“ndn 1434

Thet la, the woorproduct defined on the salc-spece is the starsdnrd LY inmer product weighted with the

ieverse-Laglacian operstor.  can be shown that the immer-product (4.3.4) induces the wnal eactgy-aom:,

that b, {7, ) 4 = [ o o, which is the coergy of the fhuid integrated oves the extire domain. This choioe
is couvenient e 1 results in the adjoint oquetions which differ Grom the Lnranzed equations oaly in the

1+

FWi=
*Wez=1 zWeax=l Py
i o FWi=1
B s
T=0F mp—

Figure 4.4.1: A two-dimonsional caricanury of the halaoced Banaformation of the controllabifity and observ-
sbility Gramimns.

muwhmwmmﬁgtu On the vther haod, the outpul encrgy excited
by the sysiom starting at state 29 is given by liil} = GWaze. The statcs that excite the largomt output encegy
a7 most obeervable and are given by the major azes of 2 Wox = ),

Bolumcing Is reforred 10 as a transformation of the sywem {4.4.1) %0 difforomt courdinates in which the
controtlability and observability Gramisne (4 4.2, 4.4 3) sre equal and diagocal }t = always possible % find
such  transfonmatioo if the system is both cootwrollable and cbecrvable. Thus, in the balanced coordinates,
the mon controllable and the most observable watge coincide md » raducod model can be biained by
uroply truncating the least controilabic and cbscrvabic moden; sex Fig. 4.4 1. 1 the balanced trensformation
is given by x = &, the Gramusns in Gic vew cooniastes are given by

¥ =0 w0y, W =owe, (4.4.6)
wd W3, @4n

where I € R™* is » roal, diagonal msttix whose sttrics ¢; 2 0 decrease monotonically; they are called
hwuﬁumﬂdum“h&mdmdh
correspondiag Mates. A reducod-order mode! is obtaisied by ng dstively small HSVe.
that (5, the states which are almost uncontrollable and unobscrvsble. *&mnnﬁnﬁud
the chosce of the coordinates and are given by the eigenvalucs of the product of the Gramsans W,J¥,,, while
mw-ﬂmmumw

chy over the previously ibed methods is that i captures.
Mumum mﬂqmw:”‘hhmwht
tuecaticn docs Bot take place st 20 order besween two equal FISV:. Also, there exist rigorows evor bounds
for the accurscy of the reduced model. In particular, if G\7) ks e input-owput impulse respooee of (4.4.1)
aexd G, (1) i the impulse rasponee of the balmncsd rywem trunceted ot = order #, te crvor is given by

160 ~Gu)-<2 }-_'_ o “an
=1
A disahantage of the ecxt balanced tuncation method i that & |s not peciabic fur lage-dimenions
systemms as ¢ imolves solutioe of large matnix Lyapunov equations 0 compute the Gramund; we now de-
scribe ae approximate techaique developed by Rowley (2005).

“




For sywems of large du ion such as thore d here, the Gramuaas (4.4.2, $4.3) are huge
matrices which cannot be essily computed or sored. A lly wactable procedure was stroduced
by Rowley (2005) for obtaming an i bal fi ion. The dure relics on an sp-
proximae expression of the Gramians which was introduced by Moare (1981) and can be mrived at by
obsarving that the Impulse response of (4.4.1) U given by x(r) = exp(41)8, where columns of x(¢} € R**F

are ames cbeained froem the respomme of (4.4.1) W an impulse 10 the cormesponding clement of input x. The
controllability Gramian (4 4.2) can be wrifien i teams of this impulse nespunse =
W [ (alr)s" ) k. )

If the smapshots Srom this svpulse response are sampled a2 equal time inservals & and stacked in a matrix X €
R (after scaling).
XeBim n . ) (44.10)
-\/-l.(t""l Ll N r*l)_. (48114

wheee £, = (7 = 1)&, the inscgral i (4.4.9) can be approximaod by the quadrstare sum
W, w XX 4.4.02)

mmm-mmmum-qﬂmmhwd‘mm-pmw
10 be waled differonly by the factor. As pointed out by Rowdcy (2009, if the
muumhuhmmmhmmmuh&;mwauem
in that regard, POD captures the offect of sctustion bul not sensing.

The oheervatality Gramian cun also be approxonated in & moular way W first define the adjont state-
wpace system of (4.4.1):

2=A2eCy “an

Y &% (4.4.14)
wheve the adjoint matricos are given by (4.4.4, 4.4.5). The absarvability Gramian can be written i terms of’
the impulse rexponse 2{2) » exp(A°1)C” of (44.13), whers columas of 2{r) € R**? are states obtained from
the respoasc of (4.4.13) 10 an impulas to the comespoading element of input v:

»- [ (at)e (1)) . @.415)

If the smapshots of the impulse rowpeansc are ayain sampled 2t equal tme intervals § and stacked in 2
manx 2§ R,

ZaVi(s & - ) (44.16)
= VR (e'C A . AC) @4In

the integral Ia (4.4,15) can be approximated by
», =22 @41m

The spproximate Gramisns (3.4.12, 4.4.13) are buge dimensioual and not scnuaily computed due W the
large womge con, bt the leading columns (or modes) of the transformation that balsnces theve Gramuans

8$

45 E of BPOD to systems

The technigue described in the previous section is valid only for stable systems. This is cavy to seu, as the
technique imolves computing te responae W0 an impulvive input from so actuatos (or, for the adjoint sywoen,
from the sonsor), and for an unstable system, this rapoase blows up. In this section, we doscribe how 10
eatend the mechod for nmable sysems. Further detasds may be found i Aluga (2009) and Abwjs & Rowley
(20104} g

451  Exsct method

Wo triefly desonibe o model reduction provehae usng the belanced tnmcation metnd for unstable sve-
tems developed by Zhou et ol (1999). The cigenvalues of A4 arc asumed 10 be anywhere on the complex
plane, except on the imaginary axis. For uastable sysiems, the integrals m (4.4.2, 4.4.3) arc unbounded and
henoe the Cwamaans are ill-defined. A modified technique was proposed by Zhou ¢t al. (1999) based on the
following frequency-domain defintticns of the Gramisns:

a T ey

.;.u/:u-/ 4)7 B (gl - £ de, @sn
"'---,L f— (~jost = A7) 'CCUwl~4) ‘dew. (452)

va?ﬂm!llmhcmkmmrwmbhmmctmmm&ﬂmlm(lsl

45.2) arc equr 0 the definitions (4 4.2, 4.4 3). The model-redustion procedure of Zhow

et al (1999) beginy by first transforming the sysiem (4 4. 1) 1o coordinates in which the stable and anpstable
dynamics wec decovpled That i, let T € R® be o troneformation such that if ¥ = T'%, the sywem (44.1)

uansfonms W
LA A, 0 8,
'-7(3.)'(0 ‘.)30 ")u (453)
r={C C)& [CER]

Herc, 4, and 4, are such thas a1t their cigenvalues are in the right- and left- half complex plancs rspectively,
while 7, and 2, arc the corresponding Ratex. In the applications thw we conmider, £, is low-dimensional
with OX10) staten, while £, is otill very large. mmnmumwa—h—

© the set (4, 8,.C) ing the wabic dynamics by B and W7 resp
Jmuthmeumpouh;m&m(-d..l.-C)M"-d" The Geaenisns of the original
system (4.4.1) aro then related 1o those pondioy 10 the two by
-r("" %Y r (435
ol W.a(T ‘)‘(n' ”,o,)r', 45.6)

A sywer 1 said w0 be balamoed of us Gramisns deficod by (455, 4.5.6) arv equal and diagonsl, m which case
the diagonal entries are callod the generalired Hankel singular values. A reduced-order modcl s obtamed
by truncating the states with snall generalusd HSVL.

A phyvical intepectation of the Gramiss (4.5.9, 4.5.6) was alio givea by Zhos ot al_ (1999) and &
s follows. The xan of the sinimum input encrgies required to deve the system frore the ongin M time

. 87

me d uming 3 m smilsr ko e metbod of mambots wsing POD. K iavolves
muwmm

TX=ULV = (U U,)(!‘ ) ) 4419

where Xy € R w8 diagonal matnx of the most significant HSVa groater than » cut-off which is a modeling
pacametcr, while Ey € R 171+ s 5 diagonal putrix of smaller snd rere HSVs. Note that Z°X € R *+=
h-ld-hdymnumi&whuvmudm.mumhuo(mdmehp&ewnf
systesns (4.4.1) nad (4.4.13), to each & respestvely  For fluid systenw that we arc inteveried n, the
typical number of smagsbols uO(ID’*L&-mﬂnhAMwmm‘WIyrS
100. The keading columas and rows of the balancing tramfonmation and it inverse are then oblainod using:

o=V, a4 ¥mZUL'?, (4.420)
where @, ¥ € R°*", 20d the two sets of modes arc bi-orthogonal; that is, 'W"© = /. The cohunmns of © and 'Y
arc called the balancing and adjoint modes respoctively. The reduced-ordes mode is then writicn as
A=YV Ao~V Bu
yulda.
Another comparison with POD wa obusined by Rowlcy (2005): the modeis are the same as thoss
obuined using the stsndard POD/Galerkin method if the inner product ased in compating POD modes s
waighied by the obwervability Gramian (4.4 3).

441 Owtpetprojection

When the sumber of cutputs of the system (rows of C) is large, the algorithm described in section 4.4 cn
become intractable. The reasom for this is that i wavotves one simulation of the adjoint system (4.4.13) for
wach compuocnt of v, the dimcnnon of which s the same as the nomber of outputs. Thes aumber i oflen
large wn fluids systems wher 8 good model neods to capture the response of the entire 2ysicm 1o ¢ given
inp (C = /). To overcome tus problem, Rowley (2005) pruposed a technique caficd owtpwt projection, in
which the output y of (£.4.1) is peojecied onto 2 unall aumber of encrgetically impertant modes obuwined
waing POD. Lot the columns of © € R consst of the leadiog m POD modes of the dataset consisting of
the owfputr obtainad from an impulse response of (4 4.1). Thea, for the purposs of obtaining a reduced arder
model, the output s appeonimated by

(4421)

y=@9°Cx, (4.422)

where ©0° 1s an orthogonal projection of the cutpat onto the firt w POD modes. The resulting output-
mxﬂmhm:ul}yW(mhl’ﬂ)uhmdmhmmnﬁmd:ﬂn
With this caly s adjoiat ¢ roquined W ty Gramian;
nlumknleyﬂﬂﬂ!)ﬁwm mm«mnm-hmmmww
for inmance, onc might choose: this 50 that the firm m modes caprurc &t least 90% of the output emergy. In
the rest of this diswrtation, the models rewlting from this approtimation of the output are referred 0 as.
m-mode sueput projected seadels.
The reduced-ceder moded of the output-projeciod syssem is thes given by

iAo~ VB, a2y
y=66°C00. (4429
%

= -eetl0n state ry 2t 1 = 0 and back 1 the aripin 2 1 = = is given by i}, = W, ‘5. For obecrvability,
1f the system (4.4.1) is started with an initial condition x4 and with 5o control laput, the sum of the curput
m(llcdﬂukﬂkmdlhhvﬂu-\ﬂ-(m-:)..ﬂ(b)addmhm
subcpuce of 4 in the time interval 1 = ( - =, 0), is given by i} = 5 ¥.n

The propertics of balanced truncation for stable systems described in section 4.4 extend 10 unstabic y»-
tems an well; the reduced vystem is d 10 have 80 & ues on the imagmnary axis provided thet the
wwn.«mm—mqﬂmuusv;Alm.o.mmuu;m
for uantable systems, but wih the tme-domain impulse respotse G(r) roplaced by its frequency-domain
courterpart G{x) (which is the wansfcs-function from » 0 y). This is bocause, for vastable systems, G(r)
grows without bound, however, the =e-novm i well-defined if the tramsfes funcbon G(s) is uned.

A disadvantage of reducing an unstable symem based on generatinod HSVs is that an unstable mode, il
@ s slmsom uncootreflable or uncbservadle, might gt truncatod. Thas the rodoced model will aot capture
all the instabilies, which might be undexirable for coatrol. In the next section, we develop aa spproximarn
algorithm which di(Tors from the appeoach of Zhou o al. (1999) m this respect; the proposed mothad treats
the uastable dynamics exacily aod ebtains a reduced model of the sabie dynamic.

452 Appretimste method

The approvimate balancing procedurs described in soction 4 4, which & coentially » wapshot-besed method,
does not exwend 1o unstable symems since the impulse responses of (4.4.1) and (4.4.13) arc unbounded. We
could consider applying the algovithm 10 e two sub-sywems given in (4.5.3), bt the wansformation T dhat
docouples (4.4.1) itself is nox available. However, when the dimension of the unable sub-system & small,
nhhtkumbmh“lﬂmfﬂlhﬂpﬂkuoﬁu-

jon. Here, we present an algorithm for such »

m-ddwmhnmdlymdunnwuun"dhmdnmci
(1999) presented in vection 4 5.1. The wies hehund the algontem is W fim project the onganal sysem (4.4 1)
om0 the sl kigh-dimensional stable subspace of 4. Then, one cbtans » reduced-order model of the pro-
jected sysun using the snapshod-taed procedure desenbed le rotton 4.4. The dynamics projecied ome the
unstable wbspece can be traied exacty on account of s low dimensionality.

We asmime that the sumber of unstable eigenvalues &, ks O{10) and can be compied mamerically, say
using the computational package ARPACK developed by Lohoucq et al. (1998). We further asume that the
bases for the right and the left unstuble cigenspaces ©,,'¥, € R*** cmn be compused. For the algorithm,
we need the following proyection operator onto the stable subspace of 4:

Bm/-0,Y,, 457

where ©, and ', have boen scaled such that @, == [, We wac the operator P, to obtaia the dynamics
of (4.4.1) reatricied 0 the stable subwpece of £ as follows:.

o= P~ P Y, [7X3 )
7 =Py, (459)

whove x, = P 5 € R*. The adjoint of (4.5.8, 4.5.9) is the same s the dynamics of (£.4.13, 4.4.14) restriciod.
1o the stabic sbwpece of 4° vsing 7, and is piven by

L, mPAL+BCy, (45.10)
wmBFr, @S




where 3, = 7,7 € R*. Then, a5 shown wn Appeodix A of Ahujs (2009), belancing & sable part of the
Geamians W, and W, defined ia (43,5, 4 3.6) (badancing I¥? 30d W7) is the sama s balancing the Gramians
of the stable subsystem (6.5.8, 4.5.9).

We one the procedure of section 4.4 10 obiain & transformation that balances the Gramians of the stabla
subsysem (4.5 R, 4.3.9) We first compuic the statempulse responses of (4.5.8) and (4.5.10) and stack the
resulting sompshots 3, and 2, 1 manoes X, and Z, rspecuvely, As i (6.4.19). we compute the smgular
value decomposition of Z;X, and use the expressions (4.4.20) to obtain the belancing modes ©, and the
adjoint modes 'V, where agtin ¥, 9, = L. The reduced-order models are obtained by exprexsing the stae 5
.-

I1=Qa+®0, “s.)

where «, € R™ a0d &, & R”, Substicating (4.5.12) in (4.4.1) and pre-mulkiplying by ¥} and ¥;, we obuia
da_d A, WAL\ (a A

7'7( ) Y740, -rao.) (-.)‘(:)" o

yu O[O0, = ®a,) = (0O, CO,)e 4.5.94)

Now, since the wstable sbspace i imvanaal (rangc(49,) § span{®, )\ we can write 4D, = O,A for
some A € K&~ and using the properties of Mnbo?,n-ru-qm kan
be shown that W34, = 0. Thus, the erots terms in (4.5, 13) ure zro and the reduced-order model

720%™ ) ()G
i(o ")( ) (,) 15

raCioum o) ¥ (C &)a ws.18

The proceduee descrided o fiar to-obeain the roduced-onder moded (£.5.15, 4.5.16) is related 10 the proce-
dure of Zhou et el (1999) descrided in wction 4.5.1. K cmn be shown that the transformation that belances
the Grsmisns defined by (4.5.3, 4.5.6) rewults in 8 vystem in which the unstable and stable dynemice are
docoupled.  Furthenmore, the resolling sable dynamics are the same a thoso given by the equations do-
scribing the o, <dynamics of (45.15). The diffcrence is that, in our algorithm, the wotable dynamics ars
ool balanced, whils they are in Zbou et al (1999). Furthor, our approach does not explicitly compute the
stable sobsysiem 4,, since i is 0ot tactably for large systems, A disadvantage of Zhou's appeosch is that
an bustable mode might be truncated resulting in 8 model which does aot capture all the oostable modes,
which is undessrable for control purposes..

453  Output projection for the stable mbipace

hwm-hmﬁmh”d“m«&w)n-“i
nctable: however, the output peojection of section 4.4.1 can be readily extended w vastable systems. bn-
mend of projecting the eutire cutput y om0 POD modex, we first cxpwees the state 1 = £, - 1,, Where 1, =
(1 =P, )x and s, = P, are projections on the unstable and stable subspaces of A respectively. We similarty
express the output 8 y = y, + ¥, = Clx, +x,). We then projoct the companent y, onto a knall number of

89

When the cutpst s the entire sate or C = /, the ontire fiekd con be moomstraciod by mcasaring the
cocflicienty of the unstable modes g, aod the POD modes ©, of (he ssble mbspace. That is, the
outpor (4.5.21) cun be represensed as

o (“‘ g') (") HCa  wher, “h525)
G =i, C=ej0, (.526)

Finally, if the initial state 2 is know, the initial condition of {4.5.20) can be obtaived using
a=(¥. 2)'n “s2n

4.6 Extemsions of BPOD to unstable timit cycles

hm-a.dwmumdummwnhuwhm
aystemes. This complex, and i e subject of the curvent section.
hﬁmk-“mhMMMMthu-m
discretmtion of the Navier-Stokes oquations.
I particular, we consider linear discrom-titme peniodic systoms of the form

w4 1) = AR)(R) - BlbIk), (k) = CTRMSER), e
with state £ € C*, loput » € C7, outpt ¥ € €Y, and T-penodic matris cocfliciants 4(),8(:),C(). The
unition matrix i (4.6.1) i £, w4 = 1AL = 2) Al Sor ) > i, where Fyy = L,... Perlodicicy
*Mkwt!m,ﬁnmdj.mwu&a-* apoctral
-m.p(q,,,_,g-nmuw rwm-mmm-wwmu
#(Epurp) < 1. The of (4.6.1) sre then, well defined and as

)
W) t Fjre o BUNBYFG o
ey [ZX %]
'»U):'Z.ruqf)'q/)’u.
‘whers * denotes the adjolnt opermos.

A vundard Nifting procedure (Mcyer & Bumm 1975) recats (4.8.1) ia T input-ouspat (1/0) oquivalent

LT? forme:
(e 1) w Adyte) + 88,0y
Fn =Ca0) - B0,
m/- -, Mlnkhwﬂk/whhﬂmhmmi)-x{}olr)

’-My-#dh-(luxhaﬁnl and outputs over each penod arc amnged as C77
uc"nm»mu:‘(:)-v.uuum_. nd 5)is) = wmum' , and the definitions of the
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constaen matrices 4, 8, ,-ﬂ,lbbvh-uh ﬁmw‘n«.&uu‘.
Ay mEyr, Asuning ep | sability, the Ilability sed y Gi of the -t
lified LT1 systom are = 4

LA gl’,l,l; @) W e E ) GEA, (A5.4)
The following follows from the periodicity of (4.6.1).

POD modos, of e data wot coansting of the cutpats from an impuise respowns of (4.5.8, 4.5.9), If the POD
modes are represented as columas of the matrix €, € RY™™, the output of (4.4.1) & spproximated by

=[O - 2,)+ B61C2)r = Csu + 0,6,Cx,, @san
Finally. with the state ¥ expressed by the modsl expaneion (4.5.12), the output of the reduced-onter moded (4.9.15)
is gives by

r=lco, aoce)(%). wsm)

454 Algorithe

The sicps involved m cbtaining reducod-order models of (4.4.1). for the case with » large aumber of outpuss,
can now be summarized a3 follows:

1. Cotpute the nastable sigemvecioss @, aad 'Y, of the lincanzed a0d adjout syswema.

2. Project the original system (4.4.1) onio the subspace wpanned by the sable sigenvecton of 4 in the
Girecuon of the unstable eigenvecton of 4 10 obtaia {458, 4.5.9) Computo the s2ate and output
responses from an impuiee oo each input of (4.5.8) and stack the stase sapahots {x,{2)} in » maerix X,

3. Asscwble the resaking ouiped saspsbiots (3,(1,)). and compute the POD mwdes @) of the rosuling
dais-set. These POD modes src sacked m columns of €,

4. Choose the number of POD modes one wanhi 10 use 1o describe the outpot (4.8.9). For instance, of
10% ervor is soceptable, and the first m POD modes capture 0% of the encryy. then the Pt is the
valocity Seid projected anto the first s modei. Thus, the outpux is ropresented a3 v, = 6] Cx,.

S, Project the adjoint tyvem (£.4.13, £.4.14) onio the subspace spanncd by the stable eigeavecton of 4°
in the direction of the unsiable cigonvectons of A* 1o obiain (4.5.10, 4.5.11). Compute the (suc)
respome of (4.5.10), starting with esch POD mode 8; as the initial condition (one simulation fur cach
of the first m modes). Siack the snapehots (2,(1)} in » matrix Z,.

6. Comprae the singular value docomporition H = 23 AT « U5, let U, and ¥, be the loading 7 columns
of U snd ¥, n0d ket I, € R™” contain the lending rows and ootueens of X,

¢ mmmruuww-&r-muhm@

nd Y, where 5
G=XnE't,  werus'® (4519
$. Obtam the reduced-ordor model using (4.5.15), which cao be wihes s

.( ).- (2).-4“5- @s20)

,.(4 é,).-c. where, @s2n

..(:), s

A=YAS,, Bwvd Lwco, “s3)

Levio, E=¥1 G000, “s29
%

Proposttion &L Ho = W,(/) o Wy m W, (/) for all jm 3,....T.

Proposition 4.) enables us W enjoy the best of both workds: Wherens lifting enables an sppeal w LTI
belamoed truncaton in the Efed domain, as discyssod twogh the mmainder of the paper, Grameas sompu-
Istions can be carmed i the onginal perodic secting, where the dimensions of the input s0d cutpal spaces.
are much lower: p and g instesd of Tpand Tq.

441 of wog soap d matrices

10 sanpehot. bused methods (Lall et al. 2002, Rowley 2005), the exact Granuats s substinstod by spproxi-
mate empiricol Gramions where e infinite senes in (8.6.2) are tacased (Chahlaowi & Van Dooren 2006,
Vernet & Kailath 1983, Shokoohl o1 o). 1983) at s finite m < o

-4

Wulim) = t Fus MOBU)FG i

;'.’_". [TrL)

Wolfsm) 1o E B CUY CliEupe

When the sysiem is cxponcntiily stable, truncation m judified by sn induced norm bound on the irancation
e, obtained by a goometric series argument and an sppeal 1o Proposition 4.1:

Lemms 42 Asnawe thot the linear periodic sysiem (4.6.1) Iy exponencsally sizbie and ket m be on ineeger
wdltiple of the period m = I T. Then the following induced morm error bounds hold:

—~ W,
I =2 % P(,.ml’:

".“E :'ﬁc.w)l < l"u-r.nﬁ

Empuical Gramans can be factosized using saapehot-bascd susrices.

Propesitien &3. Let B, fa 1., . demote the 1th column of B, and et XV € € be defined
X0t o= [y s 80U - ),
Firmea® Y =m= ). 0y~ 1)
Jor each f e \,....T and the hortzen length m. Fowily, define the matrtx of snapshats
XUw) Ex"’w-).. - X)) R,

Them W, f;m) = XUAmX o)

A-Murguuu-).um«xu-)-*dwu
tioms of the syvem (4 &.1), jontifying the werm Irwoking the T-periodicity of & ) snd
FloYes Fypeiren = Fprpainh coe.obearved thix the s Columés of X(%(wr; J) arc aunpics mt
tmes j - &7, k= 0,...,/ ~ ) of usjecwnies of simulations initimed at () ~ m+ 1) = B} -t 1),

t=1,..,,T, scomiog w = [T, Inwal, Ty smelations sod mp -t-ud-l XUjim).
As aalogous obscrvation applics W the empiricsl obscrvadility Geauan.
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Figure 46.1: (.lmrm»mmumwwummm ®) The T
adjoint impul: P o g v the J-<h adjolnt contsol imput.

Propesition 4.4, Let C9, fmr 1. g, denont the btk row of C, and let YV g ©*°® be defined as
rAm) = [r‘;,,mdﬂu--- W
Ry COU+m=21 . CUY]
for oach = 1., T wnd the barizon longth » Finolly, fet
YUiw) = [rt"u,.)..”,rwum)] ec=..
Then Wo,(jim) = Y{j.m)Y (fim)*
As ithatrated in Figure 4.6.1(b), 7/, ») can de obtained from siemiaums of the adfoint eystem

Ak~ 1) = AR)th) ~ Clk ) k) 67

whored e ), .., jem=1,2€C" vECY,Ak) = A2 +m~k=1) snd O(k) = C(2j =m=k=1)" By

peniodicity, Ty adjont simulations, and i total mg mapshots taken o time /= &7, & = §,..., ] are nocded
10 construct F'{ fim).

L]

The VO map of the J4h lifted LTT system (4.631 ia determined by the Ty x Tp dimenssunal impulac-
vesponse matnices (G A7}). The owpput-profected lified syom
2= 1) = A3 Ley> Biay(e):
Pde = B (CALNSDZM).

is dengned 1o bewt sppeutimmix the oxact impulse respomsa of the original Lifed system. 1deally, the low -mnk
onthogonal projection matrix B, should thus satisfy

(4610)

B = epmin (5:::6,(')-'.6,(')!°). wetn
124 A} \rme

Mf..hmmdmmmdnd’_(rq When the Frobenius sorm ||/ |y &
wsed in (4.6.11), it becomen a standard projection problem. 11 solution is £ = 6,8, where the cotuman o
é,nmum;.wnmwu-m(c,(m,..

As described above, the optimal £ @ gencvically a full macriv. Thus, §,(1)r = A5, (1) is 0o longer
the lifted representation of the output of 8 periodic rystem, and the projecied system cannot be “ua-lified™.
l:lha.ﬁrnﬁil.&vﬂudﬁ,(l)plkwm—dbyhmdwdw‘nmm n

porticalar, -eloemuhmybu-nm Gnnunnlk ponodsc setung. To svoid this probiem
wo impose on (4 6.1 19 the additional that the projy h-nblock&a‘uulfam
£y ding [AL1), - PATY) a1

where cach g x ¢ diagonal block is 3 mnk-r,, onbogonal projoction with 7,, = 7., T. This casbles o unift
the projectod lifted system (4 6. 10) 10 an cutpat-projeciest fime-pertndic svtem

(= 1) = AR} 8}~ B{K)( k),
Rt = PUYCURIS(H),

where the T-periodic, renk,, orthogoms! projection P is defined by P(j = 4T ~i) = P{j =) o= Byt =
1), i=0,...,T =1 The constrainod optimization probicm (4.6.11)(4.6.12) is mived as an equivalent st
of unconstrainod probloms in the periodic setting, Invoking the correspoadence ol the 7, ¢ x pT dimensional
Blocks of C,(1). G +(T~1. /% 1= 0.....T =1, o the impulse respose of (4.6.1), as detailed in Barmsch
& Pesrson (1992)

4613

Propotition 4.8, Uting the Frohenius norm, the nolution of the constrained optumization problem (46 11)
ol (4.4 12) b equtvesient & the Gombirned solution of the problems

Ali=1)= apus ~T
& (A ‘)’j'zcu"“d’)

Ba=vey-r-ipf}).
fortm®,. . T-1
Proof By a reduction 1 a standard projection problem. o
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462 Balasced truncation ming the methed of snapshots

Fixatime | € /G T Justifiod by Propositions 4.3 and 4.4 end Lewna 4.2, let X{fim,) and Y(/:m.)
be computed, allowing m, st m,, & facton of the empirical Gramiaas W, (/;m,), Wo,[Jim, ), By Proposi-
tion 4.1, they can be also wed a8 facron af the empirical Gramians of the /-th lifted system (4.6.3). The
method of snepehots presentod in Rowiey (2005) then lasds (o approximate balanced truacations in the lifted
LT setting. as follows: Compute the SVD Y (fim, ) X (jim,) = UEY™, and the translomations ©, ¥ tha
exacily balance the empincal Gramians of the lified syswm

O = X(fm I V0= Y fim T 463

Let ©,, ¥, be the firn 7 columns of @ and P, comprising the leading bi lancing and adyjont
ndndh;&Mdm(Vunhme&lMdO?O T,00jis
suppressed. ) The roduced staie 2(¢) € C7 1v defined by the projection 3(r) = W;2,(¢) = You(/ =T) and
the estimated full stats 2{/ = 1T) o ©.2,(r). The reduced model of order 7, m the liflod setting, reads

Llr+1) = 3,00 0) + ViR s Ar):
PAN = Co2,t1) ~ D, 1),

VOmv-l-e:of(l&l)hﬂ!hM(l&)lm-ﬂmdnmhmd«d-‘ympwﬁduhmmw
sppeoximation of (4.6.1). Nots that wability of the ions above can be achicved
MMMMJMWWQ)MYUn.)uw-MMMM
©.8., by SVD or by Krylov methods.

We corament in closing oa the posubility 1o “uo-Uff" the roduced-order lified sysen.  As discused
o Vacga (20001, the exact Grumians soive a0 allicd periodic Lyapunov oquation, thus providing an exact
periodic balsncing and sn “un-lified™ balanced truncation ia the periodic setting. Using the method of
snashots, There ace two computational shortooming (o that approach i the cuerent problem. Firsg, the
computational burden is high whco 7> ). Second, the uncated empincal Gramisns yaed here do pot
form an exact solutioa of the perindic Lyapunov equation. Un-lifting is nonctheless a simple sk if the
balancng requireauent 13 lismstod 1o fw periodically sampiod sysmm G.¢., 10 & Lfted swstem for ane, fived /).
The (ollowing inductive procedure is enc possible solution: Fix O(f) 7= @, and ¥(j+T - ) ;e ¥,. Let
P(} =i} be the mnk-# orthoganal projection o0 Sa(F,,, 10(/)) and It (j =)+ 1) = P(j= 1) € C*",
(= 0,...,7 ~2 satisfy P(J+0) = ®(f +i= 1)L/ +7). T‘-nrummoflkmlwdwh
syntem ia defined with A, (K) = Y{R)' A(}O(K), B.() 1= W{K) B{k) s0d C.{k) :m CLEYO(R).

(4.6.9)

443 Output projection method

The cumputations delineatod above require an untenable umber of adjoint simulations when very hugh
disssrrsiona! outputs mre conmidered, 8.5, whoa the outpot & st ideatical %0 the saie, soch that oac can
Use state resporne data in design of an optimal comtrofler (e.g. linear-quadratic regulassor) or to mnalyze
xysiem dynamics in demil ia the LT1 case Rowlcy (2005) proposed 1o project the output oo the (few)
leadmg POD modes of the daeaset fonmed by the impulse couponse smdations. Thux onc ivokes the
kinematic agaificance of POD modes, 6 reduce the dimension of the oulput space, but avoids the weakness
of standard POD models that use them as srtamric states. Here we extend the output projection method to
periodic sywems.

The iam of the t £ up-nl’ef&tl’au(‘#l‘)hhmdbf
uncomsumined mpmhlﬂmhuchﬂi)l-}. 1)+ T 1, in the periodic sotting Following
wandard POD rationale, the solstions src P{k) = @4 }8(k)°, where the r,, cohumns of ©(F) arc the leading
POD modes of the dutaset {G(1T + 8, 1)) . and Ghe spprostimstion crvor between the output-projected
system and the anginal eystem i

Ercn-seans

)or -
- ): T[cu-:r-a.;) r,a-:)cu-:r—x,;)ﬁ:

where for cach £ A {/)y,..., A (/)¢ atc the descending-ordered eigenvalues 0 GUT + 4 YGIT < 1,./)". The
POD modes cn be compuitod by the method of mapshots (Swrovich 1987), spplied 10 datascts comprising
the columns of the impuilse-tesponse matrices (C((T = 1, /) }- Couvenicntly, provided that s, 3» (1= 1)T,
Mmmmmwmmwmwmwmm
nputation of X{j.m, ), as ibod ia § 4.6.1. For mstance, the matrix C{/)X(/.m,) includes the columes
of matrices {G(/= (T )y -
The empirical factor Y (/: m,} of the conespoading ohacrvability Gramian

orl)) = }':'f,'mqr)'eff)eurcmﬁm

it needed in order 0 realize the snapshot bused approximale belanced truncation for the output-prujected
sysiem (4.6.13). This is accomplished with only 77,, (7., <€ ¢} impulse response simulations of te adjoint
wmw-meﬂunmmmhrw

hdwunmhm-.hdﬁmnd plicaty and » requis of amngle SVD aoc caa
also use a ungle, 4 output projection. Under thiy i Mq-und-dmurnee"
where the columas of © are the leading roumdd-unmum ((cm--k 1) el
of (4.:6.1). This strongey constraint implies further reduction is d with the q)uml
solution in the lifted domain.

4464 Semmary: precedwes of balanced POD for periedic systems
Following the lerminology in Rowlcy (2005), the approsumase balanced truncation method for linear, time-
petiodic sysams & \rmed 3 JfAed balomced POD. 113 main sseps inchudc:
o Step O Fixatime j. 1 € / € T, a the time point for lifiing.
« Sicp |: Rum Tp impulse-responsc simulations to obtsn m, p ssapshots and form the & x m, p dimen.
sicnsl X(fime) e devcribed o § 461

* Suwp 2 Compute y = Cs from stored states in amulations curied W compue X{/im,). Salve for
ﬂ\ef‘Omeb\muhnhcmxbuﬂympH-(JOIT-I).rouhunmcmwyo;mmnmu
Oj+i)i=0, T




o Siep 3 Run 77y, impuilsc-response simulatioos of the adjoint output-peogicted tystem, to form the
X mr,, dimensionsl matrix ¥(/im,) as described in § 4.6.1,

© Swp 4; Compute the SVD of ¥/ m,) X {/:m, } aod the balancing modes for the iifted system given
by (4.6.5).

© Stap 5: Computs the reduced lifted symem (4.6.9),

Vacianks inclode skipping Stop 2, when the output dimension ¢ is small, and uaiag » single, tme-izvanant
et projaction, as discussed in § 4.6.3. The reduced vyviem can be un-lifttad w0 a penodic syseem, e.g., a3
doscribed in closing § 4.6.2 As in Rowley (2005), a8 obvious dual vervion of the sigotithm addresscs the
mduw hpuqnnvﬂdyhm This case {s motivated by systems suecptible
ly offecting the cutire state (0.5 B = ).

445 The sestrally stable case

Conider a lincar periodic tystem (4.6.1) that arises from lineatization of » fysiem round an asysspiotically
nkmamtayw-yﬂ—utmxhumj,-ﬂ,.mkmwﬂ
Ao Lo ewe umity ctgooval the periodic orbet in the tin
mwm-mumwn.mmm-amm
wead 10 define Gramesns may diverge.
Mammm-wm«wmhwmmu
bave srall sssble the idea d in Zhou of ul. (1999), 8 decomposes the
mm—sbﬂt-‘-ﬁhm Then & applics spproximaic balanced truncation 10 the
sable dynamics while keeping the unstable dynamics exactly. This method is conceprusity applicd here
© periodic systems through the lified sctting. with all computations execused in the periodic setung. Fint,
Hlﬁmlﬁ‘ndﬂj.bhum-hﬁiml‘ﬂ,)thxlmgﬂl
wy,v; € C° wre the leftiright ofd; y of the
mm;mnmmuuuo-mnmmum«"f;

Bir e =0, + 2,88, (0)
F0% = P U= DAL,

mt,(c).-?,l,(r}. Lifted bataoced POD can be realized 1o this projocted system describing stable
dynamics. Let @), and ¥, be the matricas including the leading 7, Muwmdn
projocicd system (4.6.14), Mi““ﬂ*r,r-r,bl.ﬁr&wy
s (463 can b obianed in the form of (4..9), where e O, = {q v,], Y. [1- ;’gj
The redwcud system keeps the one-dimensional neurally sable dy
stable dynamics i reduced 10 the order o 7).
Numerically, the ncutrally stable eige of 4, can be calculated using & Keylov metbod, of even
umwnym-mwudumq—(uumnmy
wd-lm:u,ff'(l,).mn-wmv,byx()on')vh-hvls-hﬂynlsqd-e
congrol-froe damulation of the adjoiat penodic system (4.6.7) s nceded 10 approximate w,. Then, when
computing the traosfommations © and ¥ humm-(“lﬂ—blo--ﬁyt-m
M—Mhl‘“mﬂy&whhh simulstions of the peniodic system (4.6.1)
wh’ul.hn“hwm?(};hy?l-h:j-.—f.mm
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Flgure 482 Envor [[G = Cpifa/{1C]}m, fov lifed balsaces POD sppronch: (a) For exuct balanced trunce-

thoa(~ ), balanced wuncatios by the method of saapshots but withou output projectiva(” ), bulanced POD

wntr,,-l( ) balanced POD wilk 7, = 3 (1}, and the lower bound for mrry model reduction scheme (- )
All output prejections sre T-periodic. (b) Time varying T-periodic output projections verves time-nvariant

output projections: balanced POD with 7, = 1 (), balanced POD with r,, = 3 (=) and balsnced POD with

Fop % 5 (=) Solid lines comespond 1o caves ysing T-periodic projection matfices, and dashed linos uxing

one ungle projection metrix.

LOGMe), and on theit we m the dexign of feodheck flow control. Ta mect the noeds of sulliciently large
opentonal ewelopes, a major throst i our groups work bas been (i) the identification of intrinsie incon-
sistencics berwosn the tadivonal LOGM structure and practice, sad flow phyaics, and (3i) the utlsation of
o observetions as e foundation of medificd model strwcture snd modeling methads, thet st once femove
the inconsistencies st their roots, and, by design, meet the neods of foedback applications.

472 Broadband representation: Mean ficld mudels

Referriog te the triple Reynolds decommposition

sev’inl oy [LRA)]
mmmmm-w”dmﬁmmwmhm
flow eomponent «€. ‘This applies, in paruculer, to the unsieady of forces, at the

h-ularmmm“um—-m-hrhhdnmnhi-
Slow & may be ignored, and that suppressing the shon length and time scales of the “stachastic”™ compotient
o’ I st the emence of achicving the sought low modet order Perhaps the main coatribution of the scmias!
Midy by Aubey o al (1988, w ia refuting both, highlighting the cascntal rolc of mean field dynanmcs
and of whgrid reprosentations of the cnergy cascade. ﬁt—:m-wm“w
derrved modified model structures and pew modeling methods, s cnablers foe the least feasble
in effective sccounting for the dynamic contributions of u” and €, Key w our approach is the focus of
modelimng sucture on flaw phymics fest principles at the Navier-Swakes equation (NSE) tevel

The sppercat sacoes of nomerous LOGMa over more tun two Gocades, naturally poss in question our
clasm roganding the Woquivocal and universal necessity of moen fcld and subgrid models. Owr answer b

»

then resume with these stxies a0 pew initial condits imilariy i the adjoumt ions. e adjoin
mwkwnruu-)ﬁrmuu-hﬁum

By 0 10 othor nectrally stable/unstable periodic systema, with semall
MMM For uronable systems, in impulse-response simulstions one can repeat-
dly project the susies once cach period, wing P, 10 sumencally confine the dyoanucs to the stable mvarisnt
mibvpace.

4466 Nemerical cxample

To ilinsate the balanced POD aigorith, coasider an stable example (similar 1o that b Far-
hood et al. (2008)k .u.-paﬁv—(un-umr-x-m--nm
dimension ¢ = 30, control input dimension p = 1, nd(l(k))_,mmdadymwm

with dingona! entries boundcd in [0.16,0.96, seability, Th ices B(A) and C(k)
nﬂom&*mﬂmmh&l’
Here we puk the time” f = | Chovse m, = as, = 3T w 1S, Figure 4.6.2(s) shows the crror

plots of the infinity nom, /G — G,Ju/]1C))- veram r, the order of the redoced bifiod wywem. Here O, is the
impulsc-response matrix of the rodoced [iftod systom of order r. We soe that the snapshot-based balanced
troncation gives & good spproximation of exact balaoced truacation. Further, the balanced POD, even with
tow orders of CUPU PrOJECTION £,y gencratcs satisfying resubs. Rocall thar, for the Lifted sysiom, the order
of output projection i 74, = rapT.

Figre 4.6.2(b) shows comparisons between halanced POD results with the same order of outpux pro-
Jection, one set based on T-penodic projection matrices alung onc period, and the other uxing single tme-
identical results, or cven fhe latter one gives deticy rowuits. Howsver, when the order of output projection
Fop CTORKTS, the rosuits based oa T-periodic projeciion mutrices are better than those by a single projectioo
matrix, as we

NMMMMWUIM%WWW&M
uuwnﬁwwmmnm tume-porudic solwion:
see Ma & Rowley (2008).

4.7 Low sad lcast srder Galerkis models
471 Overview

mmwd—hm;whwkwwdumm
e ovar » ime horzon that is sufficiendy Jonger than that of the olled g
of design models rage with sysiem chancionsics and doign objecus from of
wm-wwm—&mnmw-wa
uhuﬂdﬂdpﬂﬁ-‘h“”dw In Geve cames, modeling is
ofien the smgle Mot kg
mmdwmw-mmﬁmmmum
time averages | ammached flows i the domam of tnditional fiight control. Yet whee the Jow mass and s
of 8 MAV narmow the gap between tine constants pertinent 1o flight snd 10 wmiesdy scrodynamics, feed-
back control 13 roquired 10 tackle mn alogeiber difforcal dynamic fange, counlcracting rapid variatioos i
mmwm“mudq‘hhmﬁ*Awm
precision, and simp ‘We focused predominantly on low order Galerkin models

Fagre 4.7.1: The shift mods for the cylnder wake flow (nght) is the normalired difference between the
nsabie steady palution (eft) and the mesn of the etiracior flow (cemer).

! LN
)
v
“ L 194
3 i
i T~
,_1
(] A‘l
Figare 4.7.2: A subgnid model for » LOGM of the leading saractar POD mode puir and the shift

wolold: A gencric ob i that it LOGMy invariably do contain ingrodi tha reprosem
et fcid vasistiote and sbgnd homm. for the d cnergy cascade, in esther (ront- or back~door
mmmmmmﬁwmumumm
Ocmhhmd rfo i d to improve once haph back e

e by ay 5 P
MlmwmhwdimIMw«hﬂMmme
= a quantitative design and saalysis wol. We then weed that ool 10 inevocable demonstrae the pecemsity of
a dynanuc mean field representation. Following are sote added details.

Mewn ficld moddels are e LOGM equvalnts of the Revnolds oquation 1 the NSE level. W fira ietro-
duced this concept in Noack et al. (20034), where we damonstrated the aecessity for a Galerkio-Reynolds




Figure 4.7.3: A paametriand LOGM crables s ncar perfect prediction of the soccleration force ampli
{left, solid) and the ouciilation frequency (conter, solid), when compared with the local Galerkin projections
{dots, both), suocenufully compensating foe the renadualy in Figure 4.7.2.

model component s the LOGM level. A detailed acalysis of the NSE level, in Tadinoe, Goumlez, Lehmann,
Neack, Moczyfdo & W Stnkiowic (2007), Tadmor et al. (2010), covered both model sruciure and the
mwwmﬂm Emuuwdhhyw&mnb

also boen used in deriving an ideal structure for the Galerkin Roytolds equation, its statc(x) and thar iner-
actions with the teaditional, w~centersd LOGM.

473 d rep istical elosure and mbgrid modek

S dyn—:c dicti between LOGMs and the NSE, including matabilities, motvated
the growing peevalence of model calibration: The twning of model parumeters by empincal dats a0d, in
MMMMWM nahlmbqell.(lmo-ﬁmhnum-ﬁm-
somung of forfoitng the ocafidenoe iated with the firet p the Galerkam p of
ﬂn‘lsl-'.l'uhp-mlu-mnuly uu-hoﬂuudbyd!wm;ofudadﬁ- A&uuuzh-
iasue 15 vet another f fop of effective mode! dengn and analysis Wools.

MWMMW mmdwmfum-nmu
the (ideal, wfinste} Galerkan system leveis (Nosck et al. 2007, 2008) was owr sarting point. 1l revenls the
oot cause of filures o e sructural mismatch between the lincar eddy viscosity dissipation teom(s), and
the triadic encrgy exchanges, created by quadnstic Galerkin and NSE terms, in an exact representation. In
emence, the calibration of the hiacar model component fails because the Linear torm tenns are structunally
procluded from mimicking the nonlincar nature of the truncated energy cascade. At low and least modol
orders, 2 successful subgrid remedy must endesvor to match the nonlinearity of the suppressed phyical
mechanism.

The stcond component of this thast Beed the call 10 revisit subgnd Galerkio representations & the
wructural level Clearly, & least ordor model should be focused oaly on lumped, slow quantities, Le., the
stored ancrgy. That focus incvitably reawaken the statistical closure moaster, wher it i least welcome, iz.,
# & et complexity snodeting context, Cognixant of the tsmes of norbal deling, dating o
Kolmogoroy, Onmager. Batchelor and Kraichaan, we chose 10 start, de nwove, with an axiomatic framework
and derived a remarkably simple closare theory, expreasly for Galerkin models (Nowck ot al. 2007, 2008).
mm&mhww-q_mnmwh—hmﬂmm
108 = 1500 modes spectral of the 3D b

thwnmﬂdhdeMMdiw\uaiwlﬂc&
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dynmmics resolved by a simgle mode is commanplace. This spproach, described in Tadmor, Centuoni, Noack,
Luchecoburg, Lehmann & Moczydsks (2007), Tadmor ct al. (2008, 2010) has the additional advantage of 2
simple derivation of s ncarly peodesic mode interpolation scheme.

43 Summary

In this mxtian, we have prevested a maty of tools for developing reduced-order tmodels of complex fluxd
flows, suitable for designing controllers for closed-loop flow vontrol. The version of the tramersed boundary
mw-smuu-mumw»mwmmmdm
the next seetion. The Balnced POD awthod, a close appeoxi to balanced is » model-
mmwhndmhmﬁmw-pmmnwm In its most besic form, it is vahd
only for equations incaned abowt » stable cquilibrium (¢.g., a stable solution af Navier-Stokes oquations).
Tere, the method has been extendod to unsiable equilibna (such as an unstable steady solution of Navier-
MMNWWHWIuMM(Mu-MWWML
am i snznal-order Galorkin aodels aflow ono w0 include these offects, by
mmmﬁuhmhﬂmww

m-MMMMMWMmmmmm In all, the

few coep o the realm of LOGMs, including mesn field zhift
mum‘mwmuubdmwm.ﬁ:wx&wmd
suppressed How components, but for the first time, are not the time coeflicionts of spatial, expansion modes
Fiam principles modet detivation from the NSE thos combine the Galerkin projection of the NSE and the
NSE-bascd encrgy balance equation.

474 Moded modat md i di

The vety objective of flow control m the MURI project. the shaping md orchentzating of penodic cycies
of LEV shedding and scgrowth over an airfoil at a high angle of attack (AGA) can be sated in teems of
the deformation of leading flow sracturcs. This exmmple o penerie 1o flow control, in general, o well 22
m reference to the changes in the flow as @t zxverses natural transients and responds 1o unsteady ambient
conditions,

Motivated by earlior results (Gerhard ot al. 2003), we demunstaod in Lehemana ot al, (2005), Luchicn-
bury ct al. (2006) both the severe delcterious effectx on clowed loop performance of ignating toda deforms-
tion, and the feasibility of very eanple romedicn, based an s parmmetriaed model that utilaes » contizuously
inserpolated mode sor. That ts, the suwting point of the LOGM is & paramewrized Galerkin expansion:

aln, () = «*(x,0) + iq{l)l’(l. a), 472y

whore & € &/ is an exogenous paranctrizancn of the oparating point. This approach can bo formutated i
terms of efficiont embedding of the approximated flow state in a low dimensional nonlinear manifold, ss
wnmmmmhmmmm R is similar in this sespoct
W the fra of ap mertial The AT and the i oo in te
Wm-humm-wmmuhw-mmum«
Tocal bascs, which the genenc difforontial grometric approsch.

Once again, fhis approach stretchol previous b ies of the Galerkin paradigm. Its advantage is in
aﬂqunﬁnﬂnhﬂmﬁoﬁ:&cﬁ.nﬁahpﬂe&emukmdh
numwmumuugp-nmuwmmwwm

expansion sct, heoce both eomplexity snd heark stadied kociaded fow sepe-
mmmdmdmnhwmmup«hqmm and a
oounderpart renge in 20) wake flows (N ki ct al. 2006, icz, Nosck. King. Thicle

& Tadmoe 2007, Marzyinki, Noack & Tadmar 2007, mmwwcw
mmuqmmaxmm; htxmduwmmﬁ.hm

4.7.8  Haroeamically specific modal cxpansions.

Design models typically tanget fow distinet, albeit possibly time varying frequencica. Effoctive modcling
mmmﬁwmmﬁwmm We have formulated and
tested & specdic modal ion, as en

quuudmmnmmmawnmnm
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S Control of vortex shedding in aumerical simulations

5.1 BPOD modcls for suppression of vertex shedding

We apply the model reduction wechniques developod m Section 4 10 the umform fow pest & fist plate n
two spatial dimensions, st a low Reynolds oumber, Re = 100. We obtain soduced-order models of a system
actusted by means of 8 calized body foros near the Wailing odge of the fiat plase, the vorticity and welocrty
contours of the flow field cbusined on en bmpulsive input 10 the sctumior sre shown In Fig. $.1.3. Using
these reduced-osdes modcls, we develop feodback controliers thae stabilize the unstable seady sate & high
sngles of sttack. We fing assume foll-state feedbuck, bt wse owutpet progection described m seetion 4.4 1 40
considerubly decrease the number of outputs in order t0 make the model computation tractsble. Later, we
reiax the full -sate feodback asmmmprion, and develop s more praciical observer-based controlier which uses
3 few velocity measmirementy in the near-wake of the fist piste {shown ia Fig. $.1.1) 10 reconstruct the entire
flow

-0.5+ L

3505 1

Figure $.1.1: Actustor modcied as s localized body farce near the tmiling edgo of the fist plate, with the
sngle of atick fixed at a = 35", Vorticity contouns are plotted, with ncgative contours shown by dashed
lines. The velocity-scasor locations ase marked by solid cucles,

S.1.1 Numerical parameters

The grid size used is 250 x 250, with the smallest computatiooal dommn gves by [~2,)] x [-2.5,25),
whu\awnmwbghmduhhmn"hudn&m
We use 5 domaiag int the multiple-grid scheme, resulting ia an effective computational domain 2* times laryer
the stz of the smulicst domain thus the largest domuain is given by (~32, 48| x [~40, 40}, The timenep wwed
for al) simuslations is § = 0.01,




Figure 5.2 Forces on ¢ flst plate of & fixed angle of attack @ and & Re = 100, dhowing a transition from
» stable equilibiium ¥ periodic vortes shedding at @ & 26. Shown ure the force coefficsnts conesponding
w the mable (——) md unstable (——) sewdy sates, and the matmum and minimues (——). aod the
mean (~-—) values during penodic vorex shedding. Also shown are the vorticity contours (negative values
in dmhod line) of sicady wates o @ = 157,35° und the flow ficlds corresponding 10 the maximen snd
vz foroe coeflicoents ot @ = S5°.

2. Velocky mennmements & fwo acar-wake senace locations, shown i Fig. 5.1.1, which are usd ©
devolop obscrver-bawed foodbeck controllers.

The cantrol goal is to stubdise unstable stoady ttates osing the above actusior md sermsors, for which we
rwt develop reduced-order models unng the method prescnted m section £.5.2 W also test the robustness
of these conpullens i ihe presence of comain ;andom disturbances.

413  Strady-etaly analysis

Since our epgroach 1 10 obtain educed-arder models of the flow lincarized sbowt & Even steady stale, wo.
first woad ts compute these soady states. The model-reduction of unstable systems mvalves projocting the
dynamics omo a stable subspace, for which we also soed 1 compote the right and lefl egeavoctan of the
Imcarised dynamics. This section concoms this steady-staie analyns, using & “imestepper-based™ approsch
a4 outlined in Tuckesman & Barkicy (2000) and Keficy et al. (2004).

A mmple way of computing sabls seady staics is by simply evolving the time-accurate simulation o
wationnnty. However, astable stcady sates cannot be found m this maancr, aod stable sieady stascs near
2 bifuscation point could take vory long ® converge, Inuced, we ae a timesepper-based approsch which

10 a circulation fisld 7 = Op(7") sfer T timestcps, the seady ate is grven by the field y that satisfies
2w} =0 ~Or{p) =0 (509

The candy staten ace given by 2eros of g{n). which could, in principle, be svived for wing Newsca's
aethod.  Vowewer, ibe mandacd Newtond @medhod isvolves computing and iverting Jacobian mstrices

wead of sompotng the Jacobuan, we use &
imal Residual Method (GMRES) developed by Saad & Schulte (1986) 0 compute the Newton update
(see Kelicy (1995) and Trefithen & Bau (1997) for 3 description of the method). Thes method requires
compraation of only Jecobian-vector products Dg(y) », which can be epproxnmated weing finite differences
-{.drolv) £(7)l/#. for 0 < € € 1. So, the Jacobian-vectir products can stsa be computed by invoking

The procodure dexcribed sbove is wed 10 compute the brunch of sieady states for the angles of atack 0 <
@ « 90°; the paramater T in (5.1 4) i fixed 1o 50 timestepe. The ift and drag coefficients, C; sad Cp. and
their ratio G /Cp with changing @ are plotied 16 Fig. $. 1.3 As with flow pext blull bodics with increanng.
Reynaki mumber (Tor example, sce Provanwl et al. (1987)), the fiow undergoes 3 Hopl bifurcstion from
 siendy Bow (@ periodic veriex shedding s the angle of aftack 0 is incremsed beyood & cnitical value .
which in our computations is & = 27". Alm plottod m the figure are the maxmmum, minimum, and mesn
valucs of the forces during shedding for @ > &, We see that the (unmable) zeady mate values of the Kt
cocilicaent ace smaller than the minimsum for the periodic shedding ull a = 75°, after which they are stightty
highet, bt mill smaller than the mean Iifl for the periodic shadding. The (unstable) nicady wate drag is much
fower than the missmun value for periodic shedding. The ratio €, /Co of the (snstable) steady state is clome
10 the moan value for shedding. Thoa, if the Jarge Ructustions m the forces wre undesuable st high angley

0

512 laput end estput

The actestion is modclod as & localkzad body force near the trailing edge of the fiat plate. The flow-fiekd ob-
tuined from an impulxive input (1) = 5{1)) consists of two countersptating varticos, where the circulstion
of cach vortex is grven by

Bir)=deft - afle™, =12 511
shere A w(x-ze - remd) 812

The comumts & and ¢ desermine the mdias and srength of the vorices, while [w,.ys,) determine the
location of the centers of these vortiees. The velocity fields corresponding so the functions 57 do not sscaly
the no-ship boundury conditions at the platc surface: a projection step is usod 10 cofurce these conditions and
the resuliing flelds arc used 1o model actustion, thet i, 8 = 8= B3, where the fleld 8 i plousd ia Fig. 5.1 1
The control is implemented in the aumerical sotver by umply adding » term of the form Bw 1o the cight band
side of (43.1).

In previovs reacarch, Taita & Coloalus (200%) conmdered actuaton mwdeied as body forces mncarcd

varying the comtants @, ¢ is (5.1.1), and one of the cxamples that resulied io saccossfil consral s repuniod
bere.

mwmmmmh-ﬂ-*mwum-“mu
often quantified w terms of the coelficiat Cy & Wygn

20090) which ts defined as:
€, Bt 19
™7
Where Ups s the constant actustor velocity i case of meady forcing. Gy b the actussor width, and ¢
&hphnwm mmmum»u-m«munnmdh
Howevar, for the sake of quanifing the contiol nput, we
-&hbﬂuhm*ﬁdhnm l‘-’cm‘l—ﬂubww
J--(Xl).nﬂkm Here, o U /U =007,
while the scnmation wikkh s Ope/¢ == 0.3, which gives Gy = 0.15% value i withia the suandard
renge Ty = 0.01% to 10% used in mudies with steady actusion (Greenbisa & Wygnenaki 20008, Taics &
Coloniun 2009a).
We consider two different outputs af the system, snd they wre:

1. The velosaty fiekd over the entire flusd domuin, which 1 wed for developing full-stste faedback cone
gollers. As disamsed 1 section 441, for lage dimensional outpuss, the model reduction proce-

dure using balanced truncati mm-u—umw
-dn th 2 -m&w‘
comidered to be the velocity ficld pr d anko ({) unstable eiges nd(i)lu&.?ﬁ)mh

of the stabic subspace dyomnics (impulso-responac).
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Figure 5.1.3; (a) Streamlines and vorticity comtours (in color) of the unstable steady state ot & = 357, (b)
va time, with the steady state a5 an initial condition.

F_ns.ll. mdm)umm)mihwwkpﬂm.‘
flow linesrized shout the steady sales i the mange 20 <
afw mmkuwuumwmbcuﬂ—-;

of munck, b would be mefil 1o stabilize the unstable state. If higher Lft is required, i would be desimble
o eabliz the wate with maumum hift dunng vonex shedding. bit wnce thas saee s act » scady state
of the governing equations, our method canoot be yeed 10 achieve thet contral goel with the preseet ow
corfigaration.

The stcady state st & = 357 is shown in Fig. 5.1 3(), and 4 time history of the Lt coefficient C; with this
aondy swic as & inilal condition is shown in Fig. 5.1.3(b). Since the stady state s unstable, the wamencal
perturbutions excite the awtnbilicy, and tho fow evensually transrhons 1o penodic vanex shedding

We also compuie & basis spanning the nght and lefl unstable eigermpaces (®, and '¥,) of the flow bo-
carand about the unsuable ioady states, which are required im our model nedoction procedure, for restricting
dynamica onto the stable subspace. Ax the flow undergocs 3 Hopf bifuscation, 8 somplex pair of cigermvalues
crosses the unagimary axis from the koft half of the complex plaoe: thus the dimenmion of the uasable smb-
space s two, For solving the lincaraed eigenvaluc we usc the implicitly restarted Amoldi method
‘which was implemented by Lehoueq et al. (1998) in the firm of & freely svailable Fortran-77 hbrary calied
ARPACK. This library can be ued 10 compute a small sumber of cigeavalues (snd cigenvecion) with user.
specified properties such a3 the largest or wnallest magnitude, largest or wnallost real part, etc. 1 o desired
mu-m-mummaawd“mu
is, those 10 the eigoovatues with the Luyont
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Figure $.1.5: Basis vecwoes of the wtable cigenspace of the fincarined (left) and the adjolat (right) equa-
tonx. Vorticity contours ae platied (hegative contours are dashed).

The cigenvalues g ﬂmmwnmm&dmldhmw

by g = log A /{TAs), whene we fix T = 30 ti We two huey with the lagent mag-
Mhhwd%(-ﬁmsasw ndhnd&hyhn-mp‘am—p}mm
de. The real and imaginary parts of these i which wpoad t the growth

mmmdmmm-zw-n;sumumduwmw
m(uhmwhwmmumwmﬂnvhnmw

doparts
mmmawmmr«mmm-mmmummorumm
Ieft (lanear and adjowl) unstshl eigemvectors of the fiow lincarued sbout the sesdy state ot & = 35 are
plotted in Fig. $.1.5. These modes are qualitatively similar 10 the structures dusing periodic voriex shedding,
bt have difforent spatial wavelcngthe, as reported in earficr studics by Noack et al. (20035) and Barkicy
(2006).

S14  Reduced-erder modch

%mmummhmwmduwwd(u 1
which i this exumple are the hineari e Navier-Siokes cquations (4.3.1, 4.3.2). The actuator
Munwwyhuehhhmn#dﬁﬂmwnﬁgillThmdthm
derivod using the procedurs outlined in section 4.5.2. As soen i equation (4.5.15). the cutput of the system
@ ecusdered W be the catiee velocity field, observed a3 8 projection onto (a) the unstable cigenspace, and
(b) the span of the leading POD modes of the ispulse response restricted to the stable subspece.

The first shep in computing the roduced-order models 11 Lo project the Aow fiekd A onlo the stable sub.
space of (4.3.1, 4.3.2) vsing the projocticn operator P, defined in equation (4.5.7); the unstable
computed in seotion 5.1.3 are used 1o define P, numerically. The vonticity contours of the
Bow field P8 are plosed in Fig. 5.1.6a The next siep is to compute the impulse esponse of (4.5.5). Iostesd.
for practical reasoms, we compute the impulse resporse of

2, w Podx, + 8,8, (4.15)
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Figure $.1.7: Vorticity comtours of the Ieading (in the order of Haokel singular values of the stablc subspace
dynaerics) first and third belancing (left) and adjoint (right) modes.

4, 10, 20 mode
output projection
[ 5 W % 20 @ 2% 0
r

Figure 5.1.8: The empirical Haokel singulas valucs (e} und the diagonal clements of the controtiabil-
ity f==— ¢) and obscrvability (—-—, x ) Gramians of 3 25-mode model with & 4, 10, and 20-mode output
projection, for the undtable seady sate af @ = 35.

m

Fugare 5.1.6: Vorticaty comtours of (&) the flow ficid shown ia Fig. 5.1.1, projected onto the stable subspace,
and (be) the fire- and fifth+nost encrpetic POD modes of the anpulse response, restricted 1o the stablo
subspecs.

that is, & cach dimenien of imegration, we projic the sste x, onto the stable subapace of 4. Beaase
the sable subspace is an imvariant subspace for the lincarized dynamics (4.3.1), ically, the impulse
responges of exquations (4.5.8) and (5.1.5) are exactly the same, 20 they are the same as that obtained
by restricting the inxpulse response of (4.4.1) to ltx stuble subspecc. rh-um.d-um(_.mw
inaccanacy of the projoction P, (which is a remslt of the l & of the unstable cigonsy <,
aod?.l.medymofl‘.sl)umwmulﬁen&lmﬂhhkﬂ“m
withoot bound in the unstable direction. Thus, the state is projocsod a2 each timestop t ensure that it remains
constrained to the stable subspace. Next, we compute the POD modes 8] of the ipulse response of (5.1.5),
and consider the output of (5.1.5) 4o be the state x, projocied onlo & certain oumber of these POD modes.
Here, 200 sapshots spaced every SO timesteps were wiod © compuie the POD wodes. The londing 4 and
10 POD modes contain 85.00% and 99,06% of the eacryy respectively snd, as it has been obsorved in
previous studics (see Deane o ol. 1991, Hak & Rowley 2008), these modes come in pairy in terms of their
energy content, 8 chanscteristic of travelmg structures; the lesding fint and turd POD modes sre sbowan m
Fig. 5.16,

The neat stop is to compute the adjoint mapehots, with the POD modes of the ispulse resposse (peo-
Jocted anwo the stable subspace of the adjomt) as the initial conditions. As the linearized impulse sesponse,
thew simulations are also restriceod 1o the stable subspece. Again, instead of computing the response
of (4.5.10), we compute that of the following rystem:

LulA e B 5.1.6)

The snapshots of e impulsc responses of systen (5.1.5) and (5.1.6) are sacked as columns of X and Z,
and uting the expremsions (4.4.19] and (4.4.20), we obtain the balsacing modes ¢ sod the adjoint modes ).

k EY 06 7so

Figare 5.1.9° Outputs (projection of the Row fisid goto POD modes) from a reduced-order model ob-
tained usnng a8 20-mode output projection. The first (lop figure) and cleventh (bottom figure) outputs of
the DNS (——, ©) e compared with prodictions of models with 4 (—-= =}, 10 === ), s0d 20 {

+) modes.

"2




We omed 200 anspetots of the Linearived sumulation sod 200 smepe daﬂn‘umm&
epecing botweon fixed to 50 0 compute the balancing These mum-
e of stapabots and the specing were suffictont 10 socumicly comprate the modes; furtber roduction 1 the
specing dud bt wguficantly change U smguler vahues from the SVD oomputation (4.4.19), We consd-
ered the DUtpUs 10 be & peojectivn onto 4, 10 and 20 POD modes (commesponding 10 4, 10 and 20 mode
awiput-prigections, as imtroduced in section 4.4.1). Usiag these modes, we we the expressions io eque-
Uoa {4.5.30,4.5.25) 10 obiain the matrices A, 5,,C, defining the reduced-order mode! of the siable-rubspace
dynamics. The vorticity coclours of the balanciag and the adjort modes, for 3 10-mode outpet projected
aystem, are plotied in Fig. $.1.7. The adjolot modes pravide a direction for projocting the lincariaed equa-
tions om0 the subspece spanncd by the balmcing modes. Since these modes are quite different from the
m-ﬂhm*ﬁuﬂh—&nb*lﬁ-hkmﬁﬁ
standard POD-Galerkin technique wherein an orthogonal projection is used. Since the models obtained us-
umm-—hmumwhhmc*&—m-wwuz
Rowley (2008), the betier performance could be atributed to & beter choice of projection uaing the adjotat
wewodos.

Smum-uaumwnwmun
srollability and cbeervability Gramiar of the &, -dynams sppeoximately oqual end diagonal
mﬁm*nwhmnbuwmqmu&
SVD (44.19). The diagunal values of the Gramians and the singular valucs for dilferent output projections
are plosted in Pig. 5.1.8 for & 30-sate reduced-arder model. With increaving order of output projecuon, the
1SVs converge te the cose with full.state output, sod the number of converged HSV is roughly oqual to
the arder of cutpur projection, as was cbecrved by Tlak & Rowley (2008). We ser that the diagonal elomcnty
of both the Gramians are Very close 10 the HSVs for the first 20 modes. For higher modes, the diagona!
chements of the obsarvability Geamians are naccunste, which is doc 10 & wmall maccuracy of e adjoint
formulation mentioned in section 4.3. For controller denign. we wse modcls of ovder < 20, for which these
Crrummns are wilficiently sccurnie

0 tent the accunacy of the reduced-urder models, we compare the impulse respoases of syx-

oem (3.1.5) (that is, restricted to the stable subspuce) with that of the model (4.5.20), restricting o, = 0. In
penticula, we compare the ctputs of the two sysiems, which we the projection oolo e POD modes; &
Mu—uusumuw«uoummmm
umag & 20-mode sutput projestion (the outputs are frojection eato the leadng 10 POD modes). The first
output, which is 8 projection onto the first POD mode, 15 well captured by all the models unul r = 60, while
ﬁw““dhi&b“nu“muﬂhmw
caly by the 20.mode modal.

S5 Pull-state feedback control

m*ﬂ-mh-ﬁm-&mh—mmnmm

e Lincar O (LQR) to computs the gain K »0 that the cigeavalues of (4 +
mmummw-«smnmhwauwﬁu o the inpot =
Ka minmuzes the cont

Sia = [ (0 Qu oo’ R}, @1

where O and R ary pouive woights computod s follows. We choose Q mch thet the first 1eon in the
integraod of (3 1.7) repressnts the energy, that is, we wae @ = C-C, with C defined i (£.5.21). The weight &

mw
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Figure $1.12 Lificoeflicies &, va time 4, for full-state foedhack control, widh control wred on st
difTerent times in the base uncontrolicd simulation. The base casc with 00 cootrol (———) has the uratable
stzady vtaw es the initial sondition, and tansitions 10 periodic vortex shedding. The control is teted for
different lnitial conditions, cotresponding o ¢ = 170, 180,210 of the base case, and sabiliscs the steady
stuse im all he cases ),

u”bh-w-ﬂmwd.dvm:hhbknhpm ~10*7, 0
avosd eps are skatched ia Fig §.1.10, fient
mum»;-ﬁum&smhhmﬂva,—u.-h
Here, we darive the gaia K bascd om & 23 mode reduced-onder mode] (with 2 unstablo and 20 suble modcs),
mk-lo'-dhdd-hmhhuw d and nooli lations. The output is

d using 3 4-wode The diffe betwoen th Linoar snd nonlincar simulations
thhHﬂ.hwmﬁdahmmh—ahﬁ-mmhw
' compute the reduccd-order stato o

Fig. 9.1.01 comparce the model predictions with the projection of da from the samlations of the
tincarieed rysem (4.3.1, 4.3.2), with & control input. The initial condition awed i the flow field obtained
from an impulsive il v the achustor Both the sres shown i the figire cvennully decsy 10 2810, which
implies that the porourbstions decay 1o 2610, thas stabilizing the vastable stcady sate. More importantly, the
model pradion the cutputs accanely foc the tme horiaon shown i the plots.

We now use Bhe same 1 the fult nonli i jones and test the perfo of the model
for varous permarbetions of the seady state. Aﬁulhmmc‘nh‘t.-ﬂhm
tumed on &t differcnt Umes of e b simulaion, is shown a Fig. 5.1.12. The isitial condition lor the
buse case (80 control) is tie unmable meady staic; evenually, small sumerical emors excite the unstable
modes and the flow transitions 10 periodec voriex shedding In separste simalations, control is tamed oo
a4 timos ¢ = 170,180,210 corrusponding to the baso case. As the figiure thowy, the contral 1 offestive and
© eble (o stabilire e stoedy state I each case, svem when the flow exdubes srong vorwex shedding. We
remark that the tntter two of these perturhations are large enough 10 be outside the mnge of validity of the
tineatizod system, bu the cootrot is still efToctive. Implying a Lurge basin of attraction of the stabilized steady
nase. We also compare the ourput of the reduced-order mode! with the cuputs of the noalincer simulation:
the ploty are shown in Fig $.1.17. The models perform weil foe the initial transicots, bt for longer timex

Figure 5.1.10: Schemwtic of the immplementation of full state fredback control in the nonlincwr simulasioes.
The estico velosity w fest projectod anto the wmstable sigemoston and the sable subspece POD modes
0 compute the roducod-order suto . The sms is then multiplicd by the gain X, compuied based on the
reduced-arder model aung LQR, %0 obxain the comtrol wpat w.
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Figure 5.).11: Comparison of the owepusts yus and vy of 8 12-made reduced-order model (~=—-, %) with the
projection of data from the lincarized timulation =, ). The control gain is cbained wsing LQR. and the
mitial condition is that obtauned bry an wmpr nput 10 the system. Control is tamed on at s = 0.
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Figore 3.1.13; Outprts of s systom with full-swte fecdback control, The control gain is obained unng LQR.
and the initial condition is that cotresponding 10 £ = 180 of the uocontmiicd case ploned in Fig. $.1.12
Compurison of the outputs sy 80d yy of & 12-mode (2 uostable and 10 stuble modes ) reduced-order maded
[, x ) with the projection of data from the full nonlincar wimulation (—— o),

fadl w0 capture the actual dynamics. This i oot surpriving as these perturbations are outside the range of
validity of the linsst models. For control purposes, i sppests 10 be sufficient 1o capture the extsl Tansients
[approximaiely ooe period), ducing which the iostability i suppressed 10 & great extent. We remark that
onac could posibly compute bonliocar models by projecting the full noalinear equations oot the balancing
modes. or cohance the model subspace by adding POD modes of vortex shedding and the shift modes a3
propased by Noack et al. (2005) 1o sccount for the soaliness terms.

Finally, we note that the reduced-onder model (4.5.20) decouphes the dynami the gable and unsable

and also, the dynamscs on the unstablc subspace can be computed only using the unstable exgon-

tuQ.dY,Th.nnllh-u-lﬁl‘tl"* bescd Duly 6o the two-dimensional
wstable part of the maodel, such that the cigemvaloes of (£, - M-huhﬂﬁfmh‘l\-k
we can oboun & sabilizing controller without modeling the ablc subspace dymamacs. We bawe performod
simulations 1 test xuch a controfler and found that ik alio is capable of suppressing the periodic vonex
shodding and thus resultx in 8 larpe busin of aitraction for the stabilizod swcady stata. The chows of weight
matzices (7 and R in the LQR com (S.1.7) nowds 10 be differcat 10 obtain » comparsbic perfonnanse. However.
s shown im the pext section, i is essential W model the stable wbspace dynamics w0 design » practical
controfler besed on an ebeerver that racotutrocts e entire flow fiek! usng & few sensor mesrurements.

5.1.6 Observerbased fredback control

The foll-state feedback control of section §.1.5 is not disectly uacfil la practice, since it is bot posiibie
W mesnre the eotive flow fiekd Here, we goasider & more practical approsch of messuring certain fow
quactities st & small sumber of semver locations.  We assume that we can measure the velocities at the
scnsons shown i Fig. 5. 1.1, in the near-wake of the plate. We remirk that, even though thosr senson may
oot be realizable in applications, they serve as 2 good testing ground for our modets.

5.1.7 Reduced-order models

The method descrited i detail m seston § 1.4 10 obtass mndels of o sysiem with the ball-staes ewpwt s firm
used to obuain models of a sysiem with the output represeated by the two senor measurements. For this
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Figure $.1.14: Schemanc of (he implemontation of obscrver-based foodback coatro! ia the nonlincar sim-
ulations. The coatrol input » and the scosor Measurcments y arv used &8 inputs 1o the observer, which
reconstructs the roduced-order state 3. This state is then mmultiplied by the gain X, 20 obtain the control
input ». Bodh, the controfler and cbserver gains K and L sre computed based on the reduced-order mode!
using LQR and LQG respectively.

canc, the output munx C m oquation (4 4.1} has twe rows and i3 sparse with esch row fillod with Oy evorpt
for the entry sponding 10 & scRsor which ia 1. Since the dimeasion of the output is small,
the output projection siep of the algorithm outlined in soction 4.5 4 i not required. Two sdjoins sumuiations.
for ench weasor Jocation are performed, with the mitia! condition obtamed m two projoction sicps: first, the
velocity ficld with & unit wveilocity st the scasor focstion is projected onto the space of Sow-fields satisfying

the mcompressibility eonstramit snd the no-slip boundary condition o the flat plate surface mnd second, the
resulting field in then projected onto the stablo subspace of the adjount using the global exgenmodes (that
ia, puing the projection oporstat P73 The texshiiog initial condition tor the adjoust simulations & ploted
Fig. 5.1.15. The sapshots from the two adjoint simulstions are stacked as columas of Z, and the expros-
M(Ltna)u(‘mmuumummﬁuummg We again

waed 200 snapebots of the lincarised . shots of cach adjoint simulation, with the spac-
ing between sup fixed 0 50 5 nomqw!h:“ Using these modes,
nmkwhw(&smhmhm&.i&mkmw
of the stable-subspace d) The sesuiting ball g modes arv qualitatively similar ©o those plotsed

-Fn;517.WHWMMRM-FGSHG“&MMM!W&:
full-sase output and the icading modex have support acar the sonsor locations. The resalting models ane
agamn balanced: 3 22-mode moded (with 2 unstable and 20 stable modcs) exhibits good performance and is
wied 0 compute the foodback gaia K and w0 design reduted-arder obscrvers to aitimatce the

saes.

8.1.3 Observer design

Using the models derived m soction 5.1.7, we desigs an observer using a Lincar Quadnatic (LQ) estimator.
or Kalman filwe. This method assumes that the errory 18 represanting the state o and and the mensurement y
(dae 10 the inaccuracies of the model) are stochastic Gaossian procesacs, and results in an estimate & of the
suc ¢ that is optimal in the sonsc that it minimizes the mesa of the squared ovor; refer 1o Skogestad &
the roduced-onder model (4.5.20), ta with procoss nowse w snd scasor boise v which coter the dynsmics as

1u?

Follows;

sndo-Busw (5.1.8)
y=Casrn (5.1.9

A key source of the process {sac) noise w arises from model tuncation, and second. from ignoring the
acelincas termi in the mduced-order model. The nonlinearity of the dynamics ia g foe instance,
when the mode! is used W suppress voriex shedding. A source of the sensor noise ariscs from two sources;
firat, the state 2 o appraximated a3 2 sum of 8 finite number of Modes (4.3.(2), and socond, in the output

projection step, the output is idcred a8 proj of th imuted) sate x onto « fintle number of

POD modes (4.5.18). Here, we spproximais these two poises as Gauttian processes whose variances are
Q= E{ww), " () = A, (5.1.30)
R=E(W), v y=Toase: s.8.01)

ud!.'()pvnhmduh:. xmﬂ)ﬁummnmumw
Swkes i

used hore is the base case, with 50 control, shown in Fig. 5.1.12, which includes the tramicat cvalution from
the steady state 10 periodic vortex sthedding. The resaliimg estimalor is of the form

dmAdsBustly-Ta), 5112
puTa, (LRBL)]

where & is the extimate of staze @, § is the estimated output, and £ is the obwerver gaits. The eatimator is then
uard along with the full-state foodback ooatroller designed i section 8.5.5 w0 determine the control input; &
schamatic {x shown in Fig. 5.1.14.

5.19 Obscrverbased control

The models obtained in sectios 5.1.7 sre wsed 1o design dynamic chyervers based oo the vertical (w-) velocity
measements at the sensoe locations. A 22-mode seduced-arder model, with 2 and 20 modes describing
the dynemecs on the unstable and stable subspeces respoctively, is wsed 1o dengn 8 Kalman filter for pro-
dusing wn optimal extimate of the velocity ficld hased on Gaussian spproximations of exror tooma (5110,
5.1.11), This estimate i then used along with reduced-order model controlier 10 determine the control ia-
put, as shown in Fig_ 5.1.14. The rexults of this observer-based controller {or compensator) are shows in
Figs. 5.1.17, 5.1.18. The compensator again stabilines the unetsble operating point, and fithermore, the
ohecrver erconstructs the roduced-onder model staics accursiely, Initially, the observer has no information
sbout the staics (the Initial condition is zero), but it quickly converges to and follows the actual sates.
Fmally. to test the rob of the resalting llor, en extomal ds o added 1 the flow
upetream of e st plase. Tho distrbance 18 modeled using the same functional form (5. 1.1) used to model
the actmtion but with the parmncters ¢ = 4 aad ¢ = 0.05. The vorixity contours of the resuling Seld
are plotted ja Fig. 5.1.19 and the disturbsace has soppont over a much wider rogion as comparcd o the
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sensor location
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Figure 5.3.15: Comtoury of the initial condition for the adjoint wimul ding w the left sonsor

location shown ia Fig S.1.1.
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4 (] i i [} 1

Figure 3.1.16: Contours of O lendng first and therd sdpoint modes of the stable subspece. correxponding w0
the systom with the outputs being scusor measurements.

Figwe$.1.17 mmq\mnul !um-u-b-d fecdback control, with control tumed 0o &
dilferom timex [n the base The bay {—~—) is the samc 24 in Fig. 5.1.12, and the
coatrol is testod for differam initial conditions, conceponding 10 ¢ = 170, 180,210 of the base case =)
1n beth the cases, the sontrolier stabulizes the Slow 10 8 snall neighborbood of the steady stase.

T
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w248
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&

Figure 5.1.1%: States of the system with obsorver-based control; the sates reconstructod (=== X) by &
22-mode obscrver quickly converge 10 the actual states (———, o). The imtial conditions weed arc those
comeaponding to 1= 180,210 (top snd bottom) of the uncontrolied case shown in Fig. 3.1.17.
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Figure $.1.19 Estigmtor-based fredback control, ia the prescoce of an eatermal disurbance modelod us-
ing (5.1.1). Plot (b) shows the vorticity contours of the distarbance. The resulting §ift cocffiosnts arc shown
i plet (a), both with the conirol Ramed ofT (——-) and o {~——), with the initial condition bong a veloc-
iy field from the voreex sheckding regime. The controlier statalizes (e flow even 1 the presence of these
disturbances. The contrel mput w, which remains O(1), i shown in phot (3.

sctustion. The disturbance amplitude ls modeled as » random variable sampled (roe a uniform distributson
in the mnge [~ 1, 1] The Lft coefficients, in the presence of this distrbesce, for the Bow with coatyol tumed
off and on, sev shows i Fig. 5.1.19. Wik the control off, the U stays ia the neighborhood of it value
dunng vertex shodding. When the compensator is tumed on, the shedding is supprossed and the steady staie
in agin stabalized. However, the disturbance catses the lift 1o fluctuste sround the stesdy state value. Whes
the disturbance 1 finally hamed off, ttie hift again couverges W (e steady state value.

52 of ddisg for high-lRt limit cycles

Open- and clossd-loop rynekronization of variex shedding m two-dimensional flow over » flat plate at high
sagle of utiack s now conndored. --»wmw-udmuwmarmp

stall flow (5 <. beading-ecdge and trmling odge
-*-wm-hq»ﬂhwm-—u-*nﬁ-m
shape would smprove uncontrolled ., the flat plate enwanes the separation xf the leading odge o

the post-atali regime and allows us Mmunumeem

the plate. The aondimensianal jot velociry & sex as U s U U] sin(enf), where U = 0.5 and Uy = 0.5,
Since this study is focuwed on maxbmizing Ht from shedding of the cohemnt wornes structures ruther than
the supprossion of shedding or separstion, ax it initially chosen 10 be the natural shodding froquency for
cach @, ot which the unstendy shedding of the large cohorent vartex strocrure will lkkely be mmplified the
-m--d.mwum—n‘am In the next two sections we caamnine lesding and tiling
cdge acruarion, respectively.

Lesding-edge actustion  Figiwe S| shows the 1ift coefficient with actuntion al the leading edgs directod
moﬁ-‘mmh.ﬁhhmh(&d—)-WBm
with o3 sverage i dashed grey and i buundiag the shaded region. Squarcs show
hmuwdhuuhm—nhhnhﬂd‘-mh
cancs whore the Ut is not phase locked 1 the foecing Bgnal, vanation i the period-sveraged lift (sveragod
over ench sctuation period) is also plotted with crror bes.
dowmtream provides xts eomentum ol the leading-edge in addition 10 that of the freestream.

This amplifies the umstcady chodding of vorex sructures, resudting m larger magnitudes of the Eft fluctue-
bers. The forced flow exhibila Ingher maximmn Ut bt also lowey muimmam Y, below that of the baselme
Bow As 2 result, blowing downstream does not ngnificantly benefit te overall sverags It

However, when the sctuation ix directed upatream, te resulting amplificatian of the unsteady shedding
s ¢ tore positive effect on the sverage lifl. For a < 25°, the Sow locks onto the forcing 2 ~ 3 periods after
the sctustion is initistnd. However & higher @, the flow fadls 1o Jock ento the forang froquency and displayz
a more complicated lissit cycle. with subbarmonscs of the forcing froquency alse eacited.  An cxsmple
is shown m figare 523 ot & = 50" where cach subharmonic limit cytle consists of several periods with a
&fTeront penod-avernged LiL Figure $.2.2 also shows the 1ilt s a function of the jet velocity, sod shows that
e acruation produces the highost 1ift when U s i phase with tho C, €, when U, is mai

pasticular

averags LNt is plowed in » thicker line. A1 each . there in & parucular ¢, revulting in the highost average lift
over w0 actustion period. If the feedback allows us to sccordingly adjust the froquency of actustion 1o phase
Iock the Sow st these ¢, thes we could repeatedly produce the highes average Lift period. This fredback
deugn will be revisised lstee

R might be counter-intustive that upstream actuation at the lcading edpe achieves such a lift enhancement
and performa better than downstream actustion. However, cxparunents st Reynolds mamber of the arder of
3% 10* by Rullsn et of. (2006) demonainted that wnsteady blowing upstream, pasallel 0 the chord at the
lending-<dge of 3 sharp-odged, cucular s airfoil M vatious @ beyond sall loeds 10 sveraged presware
dinsitetion thet resubled in higher B than that of the bascline fow They achieved Lift mcrcase as hugh o5
20% with momentsn coefficicnt of Cy’ = Cy /4in{ @) s 1%, scalod with the vestical projection of the airfoxl
and the actustion pulsating at the shexkting froquency of th arfoil.

Tralling-edge actuation In figwe $23, the il performance of the opea-loop actustion at the natural
theddng froquency st the irsling edge b iwestigaied 1 ¢ sxniler ceoncr 03 i Ggure 521, Blowing
dowmstressn exerts a segative effect on the average LfL, yiclding a lower mmimamn 1i0 than that of the
daseline flow with o similar maximum K,

However, when the forcing is directed upstrosm, the forved flow dixploys » sigatficsnt kft enhancement.
The forcing excites the vartex shadding cycic even for a below the Hopf bifurcation. For @ < 15, the flow

13

10 bk the forcing with the phase thifl associated with the bighewt poriod-sveraged Tift. 1 is shown that
the compensator resulty in 8 stable phase-locked limit cycle for a broader mage of forcing frequencies ten
the open-loop contral, and that o is sble w wabilize otherwise wnstable high-lint limit cycies that esancs
be obuined with open-loop coatrol. For example st an angle of antack of 40°, the feedback coatroller can
increase the sveraged magnitude of force on the plate by 76% and morease the averaged Iift coefficient from
1330243,

In this section, een-loop control with periodic pulsing st (x netum)] shedding Bequency is first swesti-
gated for vandus sctustor conftgurntzons over & nmge of .

hmmMMMMJMMMMhnMWhH
cycle with it varving at the o of sctuation. The

G -%—:. s

is the mtio between the momentum injected by the forcing and that of the freestream. The values of C,
seported ase besed on the sverage jet velocity, U, fixed 5105, and the width of the sctusior, Ax = 0.02 This
corzaponds 1o a fixaed C; o 0.0 for all of the cases coasidered here. Foreach actustion location, two cuses
of blowing sagles are considk ‘nchun-l and the viher dirocted upetroamn.

For mufficiently lugh @, ies are eacited and 8 more complox limit cycie behavior
is obsined. mwlmmwwodmhﬂﬁhwbw“
i (s observed that higher UB is axsociated with a particular phase shuft botween the forcing and the hft.
We show that focdback of the lift signal can be used 10 phase lock the forcing 10 the porticutar phase shaft
amociatod with the highest poriod-sweraged Lt Similar phase-locking fevdback contrn! has been waod s
the aforementioned study of Paxtoor ¢t i, (2008) and by Tadmor (2004).

§21 Usncoatrolled Flow

For the wanalating flut plate ut Re = 300, steady shached flow in ebmerved fox @ < 10°. Ata = 107, te
Now 1 ebserved 10 be separatod but remains seady. The Bow undergoes » Hopl bifurcation between angiet
of attack of 12" and 15° after which voriex shodding occurs with natural shedding froquency, ey, which
vaties from 365 # @ = 15 10 139 at & m 50°. Using the vertical projection of the sirfoil 10 the froestream,
wa fid st a4, can be scaled, for @ > 30°, 10 & Stoutal ounber of & = fosn{a) /U, w02, where
Ju= #,/(2%). This agrees with the wake Strouhs! mumber for vortex shedding bohind rwo-dimensicast
blall bodies(Rothko 1961, Besrmnn 1967, Griffin 197%). The unsteady shedding cycle congists of vortices
dmmmwumumuﬂﬁmnﬁ.mm-nu
mod drag. As & is i lneger vorex. formed, inducing » larger smphitude of oscillation in
e forcz exered on the plate. For @ 2 30, the vortex structre om the suction side of the piae is observed
10 be crented from the Jeading edps sad can be viewsd a8 2 transient LEV, or, equivalenily, a dynamac stall
vortex (DSV) that occurs durmg # tapid pitck up. Masinum 8 is found when the LEV is brought dows
0 the suction side of the platc a R grows in strength. The Lft docroascs as the acw vortex strucrure of the
opposite wign is formed at the wailing edge. This tailing-edge vortex (TEV) pushes up the LEV sitting on
the suction sde of the plaie, and fislly halts 114 growth cousmy 1t 1o pinch-off and shed into the wake:

522 Opes-losp control
n order 0 wvestigate the cffeot of unstesdy blowing on these vortex shedding cycles, we first consider

open-loop consrol using periodic pulsing with different blowing sagles i the lesding sod trailing edge of

m

Figuee $.2.1: Leading-edge actuation: maximum and minimum ift () and ity avarage over lime (0) for
downsueam (left) and upstrearn {right) actuation. Averspe of the bascline case is plonted in dashed grey
and shaded region s bovnded by i1 maxanum and mummam. Actustion i applicd at the natural shedding
troquency, sy = wa, For cares whese the flow 1 not phase Jocked te the forcng manal, vartion in period-
averaged LR over each actuation period is plonied with ermor bar to indicatc the mage of values over 3
sobharmonic imit cycle.

Figure 5.2.2: LiAl as » fonction of time (a) and jex velocity (b) with upstresm actustion st the leading adgs:
(LE, upstream)  the nsnural shedding frequency (ak = on) for @ = 50°
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Figure 5231 Trailing-cdge actustion; soe Figure $.2.1 for 8 description,

*

Figurs $.2.4: Vaticity cotour at the time of maximum Uft for bascline (thin) aod upstrcam actuation (thick)
at the trailing cdge at the natural shedding frequency (ax = ek ). Dashod and solid lines represent counter
clockwise snd clockwise vorticity,
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Figure 5.2.5: Trailing-edge actuation: mmuﬂmmlmcxmmm(oxwwwdmd
1ift (ervoe bar) over 2 raage of open-loop forcing frog ok M and 1k of baseline (- -

-) came in shown as 3 reference.
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Figure 5.2.6: Truiling-cdge actuation: phase shift of the forcing signal, U/, relative to the lift signal, Cy, for
phasc-tockod flows, over 2 rungo of open-loop forcing firequency, ay (& = 307),
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locks onto the forcing after 2 ~ 3 periode. However, for @ 2 207, the subhammonic resonance is excised.
This is wimilar 10 the checrvation with upstream blowing & the lcading odge, but the subharmonic resasace
is cxcited &t 8 lower @ for the trailing-cdge actuation than that for the leadingedge actuation.

r«umww-mmummmmmwpwmc«u
quently, we would obtain & phas-tocked flow that has an average Lift as high ss the msumum lifl of the
basciie fow (or even hgher),

In general, biowwg upetream st both the leading and trading edges crests nugnsficant enhancement i the
svenge L. However, blowing opstream a1 the uniling cdge provides a lanper increase fa Lift than tat of the
losding-odge actustion. Thase findings are sinular (o obwervwiions made by Huang ot sl. 2004) wio inves-
tignted the effect of blowing and suction control at various locations oo the upper surfaco of a NACA00)2
airfoil. They coasidered steady blowing sad suction at Re = § x 10° and @ = 13° and demonstased that
blowing st the leading edge directod downatream exerts a acgative effect, decreaing Lift and increasing drag
2t the same time, but suction increases Lft by creating a lager and lower presure yone oo the sirfoil s upper
mmmwuummuuﬂu«'uuwmokmm
mmwmmu by manip jon of the TEV.

In order @ Z chani dwmummm-
mhmmnhud—hnhﬁnmoﬁ—ﬁuﬂmm
8t the trailing odge, for 40" in figure 5.2.4. Actaation foeds extza circulation 1o the TEV which mxiuces 5
strongor downwash ocar the trailmg odge. As 5 result, the vonex strocture on the suction side is pulled down
closer 10 the piste end the hackflow noar the trailing odge is reduced. Pasticulurty st a = 40°, this delays
the interference of the newly forming TEV with the LEV residing on the suction side. Jt also lengthens the
mMthmuthhﬁqanmhﬁ-qnum

ioos thet the period x with the taghest (it withsn & subbarmonic cycle i figuro 3(b) has a
longer penvod than that of the bescline flow. This mught mdicate that there cxauts & foremy froquency below
. 8t which the flow becomes phaxc locked 1o the fotsing at » ligher i\ than thst of the bescline flow.

Thus, we pext investigats the possitafity of the existence of shedding cycles that are phase locked to the
open-loop foccing signal. Figare 523 shows the lift respoase 10 the variation i open-ioop forviog froquency
for 20" < @ < 50°, abowe which upstresm actustion st ay = o4, fls 1o phase lock the flow.

Over 3 nange of frequency below &, the flow 13 phase Jocked 1o the actuation with s average Rt near
the maximum period-avesaged Uit of the flow sctuated at oy = 44, As wo go docper into stall by incroasing
u&dmndm&&phn&dwdhnqdehm.nﬂﬁmﬂyﬂa-”’m
fadded to phase lock the flow over the rangs of forcing comdensd.

Figere $2.6 shows the correqondang phase thift, ¢, mtu_o(qu-d\mlphww
flow for @ » 30°. Recall that the subbarmooait cycle (excited with upstrcam blowing &t @)} consists of
several actuation perods with a distinet ¢ associatod with & particular penod-svoraged Lift. Also, its highest
petiod-aveeaged Lk is associatod with @ = gy %5 < 0.25, As air is docreasod below ay,, the flow phase locks
ento onc of those periods observed in the subbarmonic Lisit cycle at @ = 30°. As ay is decreased further, the
Pow is phase locked cnlo difforent periods with different 8, Closer 10 Pygu With highr svernge kft. Finally,
= o/, mx 0.87, the actuation 15 sbie 10 Jock the flow at the bhest penod achicved with forcng ot s, This
tndicates that each phase-locked limit cycle of the vortex shedding could bo characierised by its {requency
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sod the phase shif, yiclding a particular maximum. minisom, snd average Lt
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Figure 527 Foedbeck control canfiguntion.

i the feedbmck sllows us o adjust the frequency of the actumion sccordingly W koep the phase shift
betwoen the forcing sigoal and the LRt constant (for cxampic st ¢ = P We should be able © reproduce
the high-lB shodding cycles over s wide mnge of @@ Thus in eeder 10 achieve the desirod phase-locked
thedding cycle, we feedback lift into the controller, whose details are desceibed in the next soction.

$23  Cloted-loop coatral

Open-loop periodic Rwcing can lead 10 limit cycles with » high average lift, but with a decreasing domain
of anraction s « increaset. Our goal with closed-loop control is w obuun forced limk cycles with the

Sowe the sctaated flows with the highest evesage Lt soem 10 be chamcierirnd by a distinet phase shuft of
the forcing telative 10 the KR at each @, we foodback C; in sn atempt 10 phase Jock the flow at these high-hift
utates. Direct foodback of €, with appropeste gain would onty allow us 10 foree the Sow 1o be m-phase with
Uj. However, since the observed best phase shifts betwoen Cy and U are oegative, shifting direct foedback
wignal requires us 10 know the froquency of the fixved flow & priori. Inscad, we assume that the 1ift signal
being fed back is spproximaicty sinusoidal I such cases LRt can be expreswed as

Clny = Q*ILM‘II"”.
= oy +aycos{ey) + b sin{as). (512)

Asmsning thet 4, and @ are sowly varying i lime, we can estimasie @ and &y to be the Fouricr mode over
» moving window,

2
o) = 3 uoroara, 6529
hi) = .;. [ (L nle ), 524
- =2 25

T
Then we feedback 2 phase-shifted version of tis demodulated §ft signal s the jet velocity, U with appeo-
priae gain, K,
Uitr) = ap + K lan (1) conlaas = &) = by (1}sin(ar+ &), 526
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Figwre $.2.8: Muxissan and minimun 1% (77} and its average over time (0} (top) and frequency (bosiom) of
phaso-locked himit cycles at difforent phasc-shill, &, for (a) @ = 407 and (b) 50'.

where ay is the average valuo of the fpet 24, which can be prescribod s 0.5 10 fix G, = 0.01. We also
adjust K, ponsodically, such that the rms smplitude of U} remains swady and similar 10 that of opeu-loop
control, Le. I vanes from 010 1.

mmdnmm-m-wsu Lift is fod back to the comroller
which has two p @, and the desired phase st ¢, The coetrolier
m-d—dﬂ.qnn;ﬁ-ﬂumuuu—_munmw The flow
syswem outputs C, which has & frequency &, and a phase shift ¢, relacive 10 the inmput signal U,

1C, w phase-tocked w U, the frequency of U will always be the seene as the frequency of €. However,
If the demodulation froquency, a ia not equal 1o the froquency of the Gt sigoal, wy. then ¢, will be different
Bromn ¢ (unlens &y, = &y i which cuse &, = § ). Thos, it 18 nooewsary 10 3dd an mtegral part 1o the algorithmy

such that,
ek < pled - ) san

‘We can adjust & wntit it reaches e, 40d thus obtain the exact desired phase shift and allow the froquency
contont 1p be determined coly by the flow. Then we have & tobust compensator w0 explore different Jmat
cycics that are phase ocked st varions ¢ at differemt @

Figare $2.0 iovestigaien the sensitivity of the Lift and the frequency of the forced phase-locked himis
cycles w the changes in the phase shifl, ¢ ot @ = 40" and 50° Feedback wus shie 1 phase lock the flow
a any desired phase shill after 2 ~ 5 periods over & wide tange of 0.5 € ¢ < 0.5 AL = 40°, m shown
i figare $(a), FB) comesponds 1o the lnit cycle phase-tocked 10 the actustion 8 $hee. However, the phase
shift that achicved the highest sverape 1ift wis 00( $ha. AD even higher-Lift Limis cycic was achicved near
2ero phase sift, resulting 8 00 high a3 3% incremse  the sverage it coeflicient A brosd mnge of ¢
{-028< ¢ <0.06) resubied in everage Lt thet wes higher than the maxioam Ml of e baseline flow, that
i$ morc than 45% in the avernge U mbancement. At @ = SO, the highom average tift octurred near 220
phase shif), and over a range of 9, ~0.3 < ¢ < 0.16 the actunioo achicvod at least 25% enhancement over
the averags bRt of Gw natural flow. At both &', » larger range of ocgative phase shift contnidated more to
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cotresponding 1o the change of owtpun frequency from the Now, sod that the fsedback i sull required to
sustain (e fow ot the high-lift limit cycle.

The feedback algorithen mabulices the Limit cycle with 3 significant Kt enhancement that are not attsia-
able by the opea-loop forcing. Furthermore, even with careful funing of the forcing froquency. open-loap
forcing cannot sustass this hagh-lft kst cvele. Tham, the leedbeck achicves high-ift unsteady flow states
that cannot be achioved of sustained withowt &

) ooy = won,
Figore 5.2.10: Contnuston of feedback control case in figure 5.2.9 with epen-loop control of ey.

524 Wevelorm sptmimtion

While feedback has boen successful in Jocking the flow onto smusoidal forcing, rexulting in Mgh-lifl lmmir
cycles that would be otherwise uastable, it s not cloar that sinusordal forcing is optimal. Indeed. ax dis-
cumed i section 2.2, rocent studies have shown the efficacy of pulsatite (Jow duty cycle) actuation (Amitay
& Gleme 20020, Woo et al. 2008, Cicrpka et al 2008, Greeablatt et al. 2008). In this section, optimal
control theory is used o ine the optimal for sy ion of vortex shedding in order
o maximize iR, The adjoint of the li d d is wived ds in time % obtaia
mﬂ-aMmehM(hh-dmLuuMBud»m
mprove the controls.

To macamize lif), we define & cost functianal 16 be misimiced

s=-[ [Fonsonase [ [ fosa (528)

wherg & and 7; are the start sad end lmes of the optimization horizon and O is surface of the body. ¢ is the
coatrol input, in this case ¢{1) = UL (7). Again, /) is y component of forces ou the plate calculated in the

m

1ift enhwncemncnt thas the positive phase shill. Particuindy st @ = 40, there was & tharp docrosse i the
L0 aflor ¢ e 0.06 whereas the lift decrease was more gradual o the nopative phase shift. Thax, forcing
weems maore effective 2 the newly fonming LEV s pulied down by the TEV (it ocroasing phasc). Ox: the
ochey hand, forcing seems the leant effecuve sfter the muamum 1Rt occurs: whea the LEV mity ciosest 1o
e plate sad s pudhed swuy by the growing TEV (lift-decreasing phase). As ¢ approaches 0.5 or 0.5 {cut
dﬁ:xhhﬂh“hbmmmwhduwmuuﬂuw
smaller magnitude of in KA

Figws 529 mmmmd-(-xumwhm-mw
uverage C; (denoted m OLy i figure $(c)), snd the corresponding feedbhack tontrol case (<) (denoted s
FB, in figwe 52K) Forcing froquoncy of thia open-loop control s denoted e sy, . end the memge
output frequency of C;, of the feedback control i denoted as s gw, -

Recall 1 figuwre 3(6). we observe » very amall doman of attracbon near @y = 0.8 for the phase-locked
limit cycle and the resulting limit cycle hax 8 positive phase shift, ¢ = +0.3. However, the phase-locked
tims cycles achicved by this foedback bave o wide mnge of frequencics, varying from 0.8 1o 0.95 with the
corresponding phuse shifts ranging from —0.5 1 0.5, Those limil cycles were ot achicved by sy of the
forcing frequancies of the open-ioop control i figure 5(s). The feedback algorithm results = phase-locked
limit cycles that me ot attsinable by the opea-loop forcing.

Figure 529 compares the 1ift signal of the two limit cyslex; the bewt opea-Joop came at @ = 40', degored
21 Oy s fipwre S() and the corresponding feecthack oase, denoted as FB, in figure 8,28 With opes-loop
control at foced oy, the flow neams 10 Jock onto the actustion =1 the lugher average Lt cycle durmg earfucr
penods, with its phase shift closer 0 dou. But afier 8 couple of petiods. ¢ dafts sway from Gy snd
the flow eventually locks ento the lower average bl cycle. On the other hand, the feedbeck compenstor
prevents § from drifing sway and sustait the phase S f producing gher sveege 1ift than the opeo-
loop eontrol Thus, we can concludc that this feedhack algonthm stebilizes the hmat cycle with o sgnificant
l1ft enhancoment tat cannot be cbaned with the open-lotp eontsol.

hmﬁﬁMhﬂqﬁlb*hMWH%ﬂ.h
investigated further, Feedback i tumed off after the phase-locked limit cycle has been achieved for a long
&.uumuum-ﬁﬁmma-mm;-mh
figare S210 Thu behavior of unstable phase relsbonshup has alo boen shown with & opes- aod closed-
toop control mode! of an oscillating cylinder wake by Tadmor ot al. (2004). Notice that when the forcing
mgnal s continued with the scruation of ax = suoc,. the flow drifis hack 10 the prevows open-loop oot
cycle. When i in cootinued with actustion oscillating af s = &, . the average frequoacy of the provious
mmﬂumw- of phase-ockang 10 s forcing froquency and  displevs
a puling-out pheoomenon. These rewulia indicate that the feedback compensator was sdjusuog its (orang

130

immened boundury projection method. The fina ferm s the wial squaned 12t over the optimuzution horwa.

The second tem penalizes the actuator amplitude in order 10 keep G, 10 2 value commensurate with the

open-loop control discussed previously. The control weight, C,, i determined by wial snd error snd i bedd
Al each jteration of the optimization, we modify the controls sceording o

041 ot ereg(eh), =29

whero g{#) ts the gradien of the cost function with respect 10 the coatrols, and r i the generalined disance
determined icrstively {using Breot's line minimization) s minimize the cost function. £{#) i found by
solying

5o} = Fp Fe2C0, (5210
whese - are the force wnk inthe adjoini equations (Ahuys & Rowley 2008)
A =F. 21
Tere g~ are the adjount variabicy (discrese cerculations and forces) and F~ i given by
Feiy fl=p B 65212)

The adjount operstor tequires the full flow ficld from the (forwaed) Navier-Stokes vimulation #! every
fume mep. Howewer, in order 10 seve memary, we sevend the flow solotion only every fow time steps and used
 lincar interpolation in tme. Scveral iest caves were done with & diffaremt sumber of time steps wipped,
meluding » case whese the sokation was saved at evary time siop, and no significant differcnces were noled
betwoen them.

All optimizations used 270 control (¢ = 0) for the firmt derstion (k = 1) on vach optimization horiann.
Al cach steration, we requered roughly ten full Navier-Stokes umulation 1 parform the line sumimization
(o find r.

Optimization was done over s borizon T = i, #.. where the Borizon, T, is loag enough 10 overcome
tansicnt effects, but Bmitad by the computational effort to perform all the required iterations and to tine
the control weight We found for thes probicm that afier abowt two penods the controls comverged © a
approximately penodic signal with cach period corresponding % 8 vones shedding cycle. A herizon of 6
peniada gave the results proventod below, and tests showed that the rowadts were oot very sonsitive as the
m—wm“sumwumauwuwmw
newr the end of each opti w00 honzon of adyoint wi 18 discarded and the opt
s begun anew. This process is depioted in figure 5211

an-mmmm«.mamm As shown in
figure 5.2 14, Gus penodec optimal s aot adal, bist cother d of two distinet pulses
per shedding cycle. The birger, Inter pulse is roughly m phase with the maximuom G&. Ths ronuk will be
discysed further beiow after fecdbeck is dosigned w achiewe highestJift, phase-locked shodding cycle with
8 given optimal of simusoidal contrul wavefonn. Differert values of cootrul weight, C,,, resain in & periodic
control waveform with sinnlar femtures, but with different average control input, thus difleras values of C,
Foe example, C, = 03 wves the results thown i figure $.2.14 where G, is about two times lower than that
used for the sinusoidal forcing. but compenable 1At 1 achicved. h should be aotrd that, although we camnot
be ausured thae this is & global optimal, we observed timilar results with differon! values of control weight
and different initial controls (2ov0, comstnt, of vismoid).

m
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Figwe 5.2.15: Average lift of optimized control {L1) and elosed-toop simmoudal forcing (0} &t differcot
valuey o C, &t & = 40",

=

Q
- e A

180 ;;’Ihn
Figure 5.2.16: Comparison betwees feadhack control cases with optimized wveform at @ = 40%: N} = 10
(dushed) snd ¥, = 4 {solid).

rendting in larger oscillations in the magnstde of force on the plate.  Upstrems sctustion st both leading
and trailing edges lod w0 the enhancement of average lift.

We next examined closed-loop control aimed t atenmating snd 1ymchrondzing voriex shedding.  We
applied BPQD modely 10 the supercrtical flow st Re = 100 1o obtain teduced-ondet, input-output models for

m‘dﬁqnnauﬂhﬂwﬂnmﬁdhhm
opon-loop foring, it was obscrved that the hydrodynamics were phawe locked 0 the actuation 5
Mgu.“h‘am—h-ﬂ%mbﬂuhmdl
limat oycle sted of several poriods with a different period-
WMWMMMMhM-ﬁ—unMMMMD
the UiR signal (in-phase of @ = 50') the actustion achicved the highost 1L, However, the succeoding period
bocame slightly ot of phase and the BR decreased. With the gowl of obtaining forced lmet cycles with the

n?

6 Three-dimensional numerical simulations

In this section, we repont on progress Wwands dovelopuag model-bamed control of vorex shedding in throe-
dumensiovn! simulations of low sspect ratio fist pistes and sufiils st high angle of atack. Wiile thers
Ko i .

alt tho tochey described in the st soction, their applicstion ©
throe-damenaicoal flow is lonted by the moch larger compatations] resources and time required for their
solution, we have p d L of natura and open-loop actuated flows

uh«mmmlhh-oﬂubmhdﬂdﬂw”-ﬂhw
Mdmr—mmmmmunuwhmawmm
shapc, actustor pl fro Finally, we report a the end oa preliminary stodics
MMMMW&MW

6.1 Natural three-dimensiona! flows

For purely mmnslating low-mpoct-ratio wings, Torres & Mucller (20045) have experimentally measured
e scrodynamic characterisiics of kow-aspeci-ratio wings at Reynolds numbers around 10°. Acrodysamic
performance (lift, dmg, pitching moment, vic) of various planforms was considered over sagles of sttack
1«)-{0"h&'-e-'-:mul)ulubzndmmuhq-&—h-hdb

wings were

bynmuasum Aumnuuarm(xmumgvmm)
forms but focused mostly oo
&--lnn.l-ot-& hmupwnd-unh&mwb—ndm

dynamics dehund low-axpoct-rabio wings in pure are still pot well
T-mhmmﬂm-Mdﬁm!MhhmdM
reported Laee, dynamics of impulsively startod low-aspeci-
mmwm”m.;wwamum We focus ea the umteady
vorex dynamics &1 post-stall englos of attack, and study the influence of aspect mitio, sngle of attack, and
planform grometry v the wake vostices and (he resulting foroes oa the plate. These Reynolds aumbers are
hugh enough 10 induce scparstion snd unsteadmess m the wake but low enough for the theve-dimenssonal
Bow Seld 10 remam lsminar. The regime also includes, for a range of sngles of stiack, the entical Reynolds
ounbers st which the flow fint becomes unstable o small diturbences. Depeading on the aspect mtio,
angle of sttack, and Reynolds number. the flow at large tme reaches a stable seady mate. 8 penodic cycle,
or aperiodic shedding. For canes of high angies of anack, as ssymmenc wake deveioped in the spmnwise
direction ol lage tume. mmﬂu-m»*hﬂmﬂ-m Some poo-
P ace slso +d 0 examing the differsnce in the wakes and forces. After the

wuke vorticos ane found 1o be quite different from the two~dimensional woa Kismién vortex street in terms.
of vability snd shedding froquescy.

e

Figure $.2.17: Maximom snd minimum lift (7)) and average lift (o) of phase-lockod limi) cyckes »t difTerent
phasc shift with optimized waveform (N) = 10) & @ = 40°, Maximum and minimom LNt of basclioe (- « -)
casc is shown a5 a reference.

maximum Average Lft. we designed & feodbeck algonien o phase lock the flow st the dewired shodding
mwumnanummu—wmmmuﬁ-u
modulstaon and demoddaton of the bt ngnal in order 10 output 8 Mawsods! farcmg with a speafied phase
shift relatve to the Hft signal. mwnﬂ-nhwbﬂwnhh\v‘m
shedding limit cycle that was 0ot sustainable with any of the opeo-loop penodic firciog,
Mamﬂmw—w-amm-mu
pEnyia g i

ﬂ--pﬁﬂmvﬁ.nﬂrﬂn‘n—p—h{m“ﬂﬂhm-ﬂ-n—lﬁ-&h
poisc) As 3 result, the optimal control achicves camparable lift with 2 times lowes €, valuc as the sinosoidal
M-—mﬂwﬂumhh“&nhh&ugﬁ—*—.

the ift czed the feedbeck procedare thar had boen applicd to sinusoidal
m»mmmm»whmﬁuwmﬂwnh

Founer Feedback control was then able to reproduce
hWHqﬂ-hthﬁqhnﬁhdeld
cycle. This aba aliowed w o phasc lock an ially arbitrary waveform, enabling w to iovesngate the
smratvity of the flow 1o the phase shift sl other features of the optomzod wiveform.

Figare 6.1.1: A typical computational domaim sbowing the Wp-port 8dc of tc waks around & recungular
fiat phate of AR = 2. The spatial discretuation of this computational domaia is shown for every $ cells for
the x- and y-directions and 4 cells for the dircction.

611 Simulation stop

The numerical method and its validst by in soction 4. Simviationa are performed
u.wwmwdh'-«u quF- 45,5 in the streamwise (), wertical ()
ummmw.ﬂna—mmxanumunxmmh-ﬂ-
resolution of As = 0.025 for the case of AR = 2 and much larger mres were used for simulations of flows
sround legher sapoct o plates. Grad sresching » applied m all dirschions with finer resolution sesr the
plate o caprare the wake sucture =x Tlusrsted in figurs 61,1 Extermive studics have been performed
in two and three dimensions t cnvure that the present choice of gnd resohtion and domais sixe docs not
fluence the flow field i 8 mgmiicent menner (previcualy reported m Thin et . (2007) and Tairs (2008)).

Boundary conditions slong s} mdes of the. ‘bovadary, 39, sre set 10 uniform flow (U..,0,0)
cxcept for the cutlct boundary where a convective boundary condition (22 + U2 = 0) i» speoified. Ineide
the computationa! domain, a fist plate s postioned with its center at the ongin  Thes Gt plate 13 mstan-
tancously matenalined at ¢ = 0% i an wetially uniform flow to modd an mpuinively started transisting
plaie. Computations are advanced in tne with & time step such that the Coumnat number based oa the free-
stream velocity obeys ULAr/Ax < 0.5 Both the initial tramsent and the targe-time hehavior of the flow see
considered.

€12 Dynamics of wake vortices behind rectasgular plaforms

We first consider the formation and cvoluion of wakit vortices beinnd rectangulsr et plates of AR = 1, 2,
nod 4 & Re = 300, Sonpahots m figure 6 1 2 show the corresponding flow fieks ot & high angle of sttack of
@ = 30°. The wake vortices are visualized with two different bio-srfaces. First, comstant vorucity surfece
(Jlasky = 3) is ahown 1 light gray 10 captuer the voriex shoets. Second, the second invariant of the velocity
gradicnt teasor (Va), known m the Q-<ritenon or G-valuc, is used © highlight the vonex cares depicted by
mummm-nmo-—snm-”mwhmu
0 represend coherent vortoes (Hun ot al. 198%). in wcomgressible Aows, the Q-value is provided by
QlM—N’).MQI{W--(Vo) | and $ = 4V = (Vu)].

-—a—c---—.ny flow, generating srong vorwx shests o the
wpndhmmnfltﬂnllluﬂ‘ Tharcafier, the flow separatcs from the lesding edge and

10




mvmmummdmwky Vorticity is then lod into tic flow as vortex shoets that roll up

by e fow-peesnare core of the initial loading-edgo vonex and is an added effect 00 2p of the R achieved
ot large tume (also obecrved m two-dimensiooal flows by Dickinsoo & Gtz (19938)). Note that the imitial
topulogy of the wake structures are the same for all finite AR cousidered bere sad the phenomens sescmbie
dynamic stall observad behind high-aapect-ratio wings undergoing a swilt pich-up (Cxer 19885)

As featyres from the initial transient lose their effect on the plaze tyough sdvection and diffusion, the
‘wuke behind the plate becomes srongly depeadent 00 the aspect fatio, AL = 30°, the AR = | case slowly
reaches 2 weady state with @ pais of strong counter-sotting tip vortices that cover the catire span of the plate.
The vortex sticet created from the leading edge is kept acachod o the plate due W the downwasd induced
velocity from the Up vorticee.

For a plate of AR = 2, the vonex shect coanating Grom the leading edge wolls into » losding-cdge vortex
that accumulates. spanwise vorticity over tume. The tip vortices are nat sarong encugh to keep the leading-
odge voricx amched. Around 7 w 8, two consocutive leading-edge vortices start o pinch off from the plase.
As (e detachment takes place, the disconnected vortices stan to intersct with the tp vortices. This inter-
action results in the loss of the col initially maintained by the tip vartices and roduces the
downward induced velocity onto the vortical st ressdiag above the top surface of the plate. Henen,
oace the (nitial feading-edge vortices are scparated, consecutive fortration of the leading-odge vortices (hals-
mm)hhmﬂqo{h%mn&umk&dﬁnhﬂmmw

While 1 19 Dot apparent from figure 6.1.2, there is dight ssymmetry m the spanwise diroction thet contributes
1o the aperiodic nuture of the thedding. Di ion on this y is offered later in §6.1.5.

For the largest finile sspeci-ratio plate considerod (AR = 4), the weaker influence of the tip vortices
across the span results in more stroagly pronounced petiodic shedding of the leading- and tailing-edge
vortices. The shedding froquency (non-dimensionalocd s e Strochal mamber with the frootal pegjoction
of the chord) for AR = 4 is fouad o be & = fesing /U = 0.1 In contrast, the two-dimemsonal shedding
frequeacy for the xame Reynolds sumber and angle of attack is St = 0,16,

Around AR = ), the vortical structurss from the leading sod trailing odges stant appearing 1o scparste
into two cells scross the spm. The cefluler patiern referrod 10 as stall cells becomes more appareet for
AR = & where a pait of hairpin vortices are gencrased from the lcading edge and another pair is cresied from.
e aling edge resulting in » relosse of four hairpin vortoes per shedding cycle. Such flow features were
also reported on the lop yurface of the airfoils with oll film snd tuft visualizstions by Winkeinenn & Bardow
{1980) and Yo & Kate (1998), respectively, st Re = €(10%), While we do not notice features of the stall
cells diroetty on the top surface, we find qualitative agreement for the mumber of cells ohserved some short
distance into the wake.

Despie the interactions betwoen the leading-cxdge and tip vortices, these vorices remaun distingt without
merging for all three-dimensiona! canes. Due 16 the cristoace of the right-angied comers on the roctanguber
plaes, the vortex shects thin out acar these regions and the sheets roll up inko individual core structures of
Icading-adge md up vortices. The ion of the vortical indicates a fack of convective vorticity
fux in tho spamwise dicection (ie. from the mud-spen W0 the tip). Such ransport has bom suggestad o
sabiloe tho leading-odge vortex for flapping wings (Bireh & Dickinson 2001, Bireh of al 20048). For the
uamlaling rectanguiar wings, there is no mechanism 10 relicve the vorticity being fed iato the leading-cdge
vortex otber than diffusion wnd shedding of the vortical structiares. The effocts of removing sharp comers by
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Figure &.1.3: Top views of the wake vortices behind a rectangular wing of AR = 2 at @ = 40° from sroke
wsualizstions st Re, = 5200 and present resuks ot Re = 500 with iso-contour of Jall; = S. Saubvhud
imtioas are from Freymuth ot al. (1987); rprinted by permission of the A lnatitute of A

and Astronmics.

meing differont planforn poomectrics aro discussed Later in section 6.1.6.

613  Flows at higher Reymolds aumber

Flows behind rectangular plates at Re = 500 are also simulated aod are found 1o be similar to the caes
presentod here for Re s= 300. With the langer Reynolds number, the wake vortices are lesy diffused but the
wpology of the vortical structure are qualitstively timilar, which was alwo notwd by Doag et al (2006) for
fiows around fapping fosls for Re = 100 10 1000.

The geometrics of the wake vortioes in low-Reynolds-number flow (Re = O(100)) at easty times foi-
Towang tbe impubive start alve resemble those im flows of much higher Reynolds numbers, due $o the (act
that the Viscous time scale (s ~ € /v) ix much Langer than the time scale associated with evnvection or
20004rMIOn (fonar ¢ €/ Unm OF fge ~ €172 /03, respoctivety).

Impulsive flow over & plase of AR = 2 at Re = 500 and & = 40’ s simelated and is compared 0 the
amoke Visuslizations of vortices under a comant acoeleratiot from quitscent (low i & starting wind tumnel

(Freymuth ot al. 1987) as shown in figure 6.1.3. Reynolds number for s ' s defined with the
constant acceleration. the chord, a0d the kinematic viscosity e Re, = 627 /v = 5200 ollowing the
di ization by Freymath ef f.
As scceleration of i 0 the i ofvuuchy(lluum.lm).h
formation of vortices behind » plate under imp 4 and constant canmx be di-

roctly compared. m&mdmwmwuwmw-wum
bfore viscous effect spmficantly mftuences the flow sad the inducod velocity of cach wake vorex be-
comex large. The formation of the siartaup vortices is (Thustrated by the saapebots 1n figure 6.1.3 with smoks
visualization wnd the voaicity norm jso-srface.

For the case of constant accsleration, a characteristic velocity ofw, = o' 7' is seod 10 soe-dimensionalize
the tempora) variable Acoardingly, the flow flelds arc compered &t the non-dimensioaal times of 0. /¢ and
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Figare 6.1.2: Top-port views of the wake vortices bohind rectangulas pistex of AR = |, 2, sod 4 2t @ = 30
and Re = 300. Mnuwmdlulzushhﬂlmmmmmwwm
iso-surface of @ = 3 in durk gray.
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plaic in subjected. The exact location of the trailing-edge vortex from the smoke visualizstion 1 difficult lo
pinpoint but is found so be in acoord by it faing trail of smoke at earlicr times. The simulation is sblo 10
capture cven the thin Liyer of voriex shoot esnanating from the lesding odge, which would correspond © the
region directly downstreatn of the leading odge that is not visualized by the emoke Dominant flow features
ot carly times in high-Reynoids-namber flows are captured sven with the prosent low-Reynolds-mumber flow
’ : .

614 Ferce exerted oa the plate

Ussteady forces on acoelerating airfoils at low Reynolds numbers have beon considered for two-dimensional
flows by Drckineom & (otx (19934) and Pullin & Wang (2004). Ia this soction, we contider the forces
exormed upoa the plaie with the throe-dimensional wake vortices both immediately afier the impulsive start
and also af targe times.

Representative it and drag on rectangular plates Som the present sumulations are presemed i figure
6.1.4 for Re = 300, Herc results for angles of antack of & € {07, 60”] and aspect mtios.of 2 and 4 as well as the

iomal cases are shown for ¢ € {0,70). Ats = 0*, the smpulsive st imposes mfinite scoclersnon
on the airfoil in the reamwise direction and resolts i infinite mitial drag (oot shown for graphical alarity).
Subsequently, lift starts 1 increase a accumulation of spanwist vorticity intigaes the formation of the
leading-odge voriex. This increwse jn At contitues 10 sbout # = 1.7 t reach its maximom. The time 10 reach
maximum LA 12 observed 10 be fairly constant in the case of fimie sxpoct raio wings vwer most of the angles
of attack coondered here at low Reynolds sumbers. The univensality of this number ts discussed in detail
Inter.

After the initial start-up, 1%t is reduced by as much as hall of the maxinim valuo st large time, & shown
in fgare 6.1 4 Depending 00 whether the waks at large trne bocomes stesdy or onsteady, the correspandang
foree coeficients reach constant of fluctusting values.

1t should be noted that the trse-d flows of comid are vauly different from the two-
dimensional case, where ooe observes periodic aludding of the keading- and tniling-odge vortoes cresting
e von Kirman vortex street. Dot 10 the sbemoe of the tip vortices, the twe-dunensional flow exsrty o
wrilangly jarger fluctustion i force por anmit spmn m shown in figore 6.1 4.

The effect of anpect ratio on the forces is adered by L 5 1A duniog the aansient
and the timo-averaged forcod at Large time. Thene values for wings of AR = 1, 2, snd 4, a8 well a3 the two-
dimenmional case, are prosented io figure 6.1.5 acoompumed by their ivisoid kmits. Stronger mflucnce of
dowawash from the tip vortices results i reduced LR for kewer aspoct-ratio piares. Far the limiting case of
two-dinensianal flow, the maximum LNt is much higher due to the sbuence of up cffects (figure 6.1.50). hn
imeresting w0 ot Giat the maxismam lift achicved w000 after the impulsive sart is comparsble or higher than
the Uwoe-dimensional mviscid limit for low-amectratio strught wings @ incompressable flow (Helmbold
1942):

2xa

C= . &Ly
;,71 - (2/ARY +2]AR

This Limit is derived from the Lifting surface thoory for clliptic wings and is shows W be in remarkable
agrecment with wings of 42 < 4. Lifi for rectanguiar wings of 0.5 < AR < 6 is sccucatoly predicied with
this equation as shown i Aaderson (1999).




Figure 6.14° Poree Wistory on voctanguler flat plates of differort AR for » range of angles of sttack st
Re = 300, Lift andt drag cocfficicrits srx shown on the lefl sod nght, cespectively.
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Figore 6.1.5: Character icienss for rectangolar plstcs st Re = 300: (a) maxianum lifk; () time-

averaged IRt coafficiont at lezge time, (¢) Ume-everaged drag ooefficient ot lange time, and (d) time-averaged
1ifh-to-ceng 800 ot large time for AR = 3 (@ ), AR 22 (2 ). AR =4 (A ) 20d 2D (= k Overizid are the
two- (=} a0d throo-dimetiional { ~——-) irviscid 1Rt limits.

We chastve agreement betweoon the tmo-averaged low-Reynolds-numbor GRt at lange time aod the sbove
inviscid model 2t low sagies of anack (a < 107), where the flows are still atached (figure €.1.5b). The
differonce ot low sngles of stack can be attriboted o viscous effects. Jlowever, once the flow myperates
from the platc 8 higher &, the iaviscid approximation is 50 longer able 10 model the lift behavior. The
igh valoe 0 Oy me (gl 0f maximum 1ifl) was alvo reponed fixr low-aspect: eatio wings at Re 2 10° by
Tortes & Muclict (20045). We mention that the difficronce betwom e maximum (max () sad the merage
mmm--;um-t-—u-—-u the wnitial fcading-odge

‘?*-wd—mahpd*dﬂmﬂm
mmm 1.5¢), th*d’“::ﬂlmnwﬂu
m contran 1o e twod 1o pots that both
m-ﬂm-«-ﬂ-ﬁummmg-rsé-:wl—udu-um
Mh-&&—hbud“lbhwhhﬁla

ALRe = 300, the viscous stress has s influcnon on the drag experienced by the wing. evpecaally
= low angies of stack. In comparison, st e w 10° a0d 4R = 1. Torres & Muclier (20048) reports Cp =
0.025 and 0.1 for & = 0° and 10°, respoctively. At @ = 137, Cp = 0.24 is rocondod by Torres and Muclles,
& value close 1 what is messred in the cament sudy also (figwe 6.1.5). Hence, we apue that pust this
angle of sttack, pressure drag is the main cause of drag.

Shown also i figure 6.1 38 are the sversge lift-1o-drag ratios at larpe time, 0vg (i /Co), whith are lacger
for highet aspect-matio wings. The rtios poak at higher angles of artack for kow sspect-ratio plates. Whike
the two-dimenzional evg (C; /Cp) reaches s maximum arouod @ = 10°, Gt of AR = 1 is achicved oear
o = 20°, This may suggest fvorable operating conditions st higher angies of aack for the low-axpect-ratio
wings. For high sagies of acack (@ > 407), the Eft-so-drag ratio for difforont aspoct ratios comlesoe W the

same value
mn-:mnumm-—-u-u-m-u»umu
qualimtively similar t those at Xe = 300, Interesting differences betwoen the two Reynolds numbers are

obacrved in the stability of the wake, which is described laicr i §6.15
Next, we call stiention to the time o which the maximum Ufl is achicved. We denose this time by
¢ waxd rescnt its value oo figgare 6,1.6 for Re = 300 and 300. 1 s found tat, for the comsidersd aspact
mumdmr-um-mua-smlﬁﬂmm-h
the deading-edge vorices are smilar all seses As the sccumulation of tpamse vorneity
.u-uhdwtnh-ﬁ# -2: «uw&mmsmu
formation sumber vied o l““ cn no -u~
@muummhm-m be » universl ':.mam

(e.3. Jeon & Ghanb 2004, Mitao & Ghasib 2005), i s not thae 7 o adis fairty constant for the
throe-dimensianal cases conmdered here. In the casc of two flow, we obwerve @ wider renge
of £* betwomn u-iuhc«!;. uv‘-a.-u—lhd—i-—n_-n for the

) flow lowering
The side force {F,) remamed revo for all caucs that resched steady or penodic usteady flows. Howewer,
hw&mﬂwumw«uumwmmu“
and exerted side forces upoa the plate, This unsacady side foroes were 2 «--n--u-o-n-

a——mummwwumudme—\m&h "wu g
{pl!;(
m.--am-wmumhumm
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Figure 6.1.6 Time st which iRt schieves the maximum, 1, aftey an impulsive st for different angles of
attack at (a) Re = 300 and (b} Re = S00. Symbols denoie cases for AR w 1 (8 L AR = 1.5 (5 ) AR =2
(CLAR=3(V )L AR =4 (L) and 2D (* ) The mem averages are shown with 0084 lises. The imt
figares are the estograms.

615 Large-time bekavier sod stabdility of the wake

Here we consider the behavior of the wake bohind rectungular plates o luge time. Afier the initial tmosiers
mﬂwhqﬂnﬂﬁdﬁg-ﬂ*ulﬁmmmn‘ﬂ
mm.uﬁmuufﬂ.“m*hﬁ-hﬂmdh
weve poesented in pection 6.1.2. 1 this subscction, we o nﬂ--‘-t'-u-n(-t
p.«n.a-v 15,23,4), md Re = s well o the two-dimenvional flows 10 survey the
.bﬂyduubnh.‘u‘l’h m-&-ﬁph 614, wrw amalyzed with
m-mnm*w.mu ¢ 6.1.7 for un exmnplo of

Re = 500 s0d AR w 3. on the angle of sttack. m:.-hmhﬁ—ﬁ&
frequency {periodic) or rocognizable frequancy “The dominant froquency in the
u.aup-mww-u:-;&u&-mxu«.‘-mm&uﬁ._m
Stouhal number for the two-dimensional flow af Re = S00 is slightly higher at ¥ = 0.14-

0.16.

The wako stability is sammanzed for tn figure 6,18, which oups o agzinet 4R, These two parsmeters
werc found 1o be the Two moxt imporunt parsmetsss in determining the siasbiity of the wike & large tme.
Snggesied boundancs between diffierent flow regimes are drawn based on the data pormis collectsd from
numencal expermments. The shaded regions comespond 1o flow conditions that would evive ot » steady
mate. Such flow can be wither mtached at small & or fully scparsted s moderately high & The stcady waie
s achieved over a wider lis nce the tip vortices are sbie W0 provide & downwand
hmnhdqmnhw-u-upmhw lt-idh,

Aswe ‘ugher angles of attack, the flow exthubuts p
by the leading andior the tmiling odges mmwi“hmmmuauw
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Figure 6.1.7: Power spectra of the lit wace for 3 roctanguilar plate 0f AR = 3 in flows of Re = 500 at various
angics of sxack.
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Figure 6.1.8: Stbility of the wake for 3 rage of o and AR i (8) Re = 300 and (b) Re o 500. Symbels
of o, ], and & devote steady, unstcady porodic, and unstcady aperiodic wakes st large time. The thaded
area s0d U dashod ling approxinwicly represent the region of stability aed the transition from pariodic to
spesiodic shedding. respectively. Shown st the top are thio two-cinensional (2D) findings.

for Ra = 500, the steady flow profile w schicved for 8 smaller range of angles of atiack and aspect ratios
compared 10 the Re = 300 case. Similar Dend holds for the periodic shedding case. With increasing Reynolds
sumber, ¥ is expocted that the wake exhibit strong interaction between the leading-cdge od tip vortices
resulting m aperiodic/asymmetric flows for a wider sombaation of angles of attack snd sspoct ration. Al
higher Reynolds numbers, &t may be possible 1o obscrve changes in the shape of the stability boundary
betwoen the periodic and aperiodic shedding rogimes.

616 Nes-rectanguiar planforos

Stable attachment of the leading-odge Yortoes oo fapping wings has been observed W provide enhanced Lt
for proloagod duration (Barch ot al 20045, Pocima et al. 2006). Shodding of these vortices are prevented by
relensing the spanwise vorticity through coavective tramport from the oot to the tip of the wings induced
by wing roration. Hewce, & comimeomly conooctod vortical ssructirs formod by the leading-edge and tip
vortices are obsarved for flspping or revolving wings.

For e plates @ pure '’ we have shown carlier that the initial leading-odge vonea
dotaches in & similar fashion t0 dynamic sall. The leading-cdge and tip vortices remain as scparate vortical
stroctures snd do aok provide 2 mochaniem for (he spanwise vorticity w0 be relcmoed otber than shedding. In
ordor 1o proveat or delay the shedding of the leading-odge vortex, we consider the wse of curved or angled
Isading odges o induce lows along the leading odge. Flows areund elliptc, scaricireular, and delis-shaped
phn!mnﬁmhud:a-”‘-dkcnmoinmbtknw-omdnmwﬂm
ol AR =2 p d carlice. The of the elliptic, i and dclashaped planfonms sre
M\va-az.lI-.udl respectively, whose mean chord lengths (¢ 5 A/A, where b is the wing
span) are used to non-dimensionaliae all qm-h-mhlu For the defta wing. the yweep angle is sct 0 457,

Wake behind the lanfc are shown in figure 6.1.10 afler the impulsive
mmmhmh'fmhﬁ‘m&l.u For the elliptic and scmicirouiar cases, theeo are no
discontinuities in the vorex sheot that emanacy from the leading edge w0 the tips, unlike the sharp seps-
ration of the vortical structutes arcutd the comen o the rectanguliar placfonns. The curved leading edpe
encoursges spanwise transpont of vorticity into the tip vortices. Hence 0 some extent the shedding of the

w-mummuhu*hmmmmm'u
for the lar planform, such ion is obmcrved at & luter time (7 = 15) for the olliptic and semicis
_mmﬂmmum.MWMJMm
s s0en for the sectangular planform around ¢ a § due 10 tho detachment of two coasccutive leading-edge
mAlh«mb&mMWthmmmMm
which is different from the

Ammuﬂmumhwuwmm..wma
the left and right vortex sheets from the nose of the plate, but the roll-up of the vortex shoets forms & stable
wake structure which in tumn attaine scady Bt aod drag. The abaence of wing tps for ths planfiorm allowy
the vartex aheets from the leading edge 1© roll up and convect downstream i a very stable manner (sce
figrre 6.1.10). For Re = 300, the size al initial leading-edge vortices ia larger compared 10 oncs from higher
Reynokls number fow (Crucsul ot all 200%). Ove can obwerve tansient behsvior of the wake until ¢ = 15
Boyond this point i time, there is some uosteady shodding of amall vortical stnachares behund the rolled up
vortioes. However, the wake aad the forces do 0ot change much past f = 1S approaching the stcady sate.

We observe a relative incrsase in transport of the ipanwise vorticity around the plag-
forms in comparizon o the lar planform as ill by iso-surface of @ V-\,hn@nn:sllllx
should be noticed that there is an abssoce of transpoct of o new the leading edge for the rectmngular wing
in contrast 40 the semicircular and deita-shapod planforms. The force histonies presented in figare 6.1.11
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Figure 6.1.9: Top view of the asymmetric wake a1 Large tine behind a rectungular plate of AR = 221 g = 40
and Re = 300. Vortices are highlighted with so-coatours of Q= 2.5. The flow is directod from left 1o nght
204 the wing is thown in black.

line m figure 6.1.8. The change in the dynamacs betweon the shaded (sub-critical) snd unshaded (super-
critical) regions can be viewed as an exiension of the two-dimeasional stability boundary. We claim thas
the change in the dynamacs is aributod & a Hopl-bifurcation. 25 dhown by Abaja ¢t al. (2007) for the two-
dimensional case. For lower aspoct ratios, the voriex shect caanating from the trailing edgo fonms snd theds
Rairpin vortices sepeatedly. The narrow rogion with AR < 2 in figare 6.1.9 comesponds 1 wuch flow states
The sme region with higher aspect ratio of AR 2 2 thowrs shedding of both the leading- and tailing-edge
vortices altesnately in a periodic fashion (for instance the case of Re = 300, AR = 4, and @ = 30" i figure
6.12).

With flrther incromse in the 3ngle of sttack, the tip vortices bocome more vortically aligued. Essentially,
the wake now is comprised of four vorices of imilar strengths, namcly the loading-edge and Tailing cdge
m-w&unm“wmmwmmymmuh&r miling-edge

vortices and the d« shedding The ion from penodic to apenodic fow »
Wnﬁﬂc&”n&pakl«hmml&soum‘nwwh
@ > 30" Infigure 6.1.8, tis speriodic unsteady state correnponds t the region right of the dashed line.

The speriodic flows are found 1o be ssymmetric in the spanwise dircction with respect 1o the mid-span
plans. As the wake becomes asymmetrsc, e wake vortices apply side forces onfo the wing and the flow
Geld The combination of the asymmetry and the nonlinear intersction smongst the leading-odge, railing-
edga, and lip vortices give nse 1o tie apenodic nature of the flow. An cxample of an asymnetrio wake s
shown for a roceangular plate of AR = 2 m @ = 40" and Re = 500 (the wake for the same cae ot cadier ume
o shown la § 6.13). The side force for this case has a magnitude of |C{ < 0.01 with a froquency content
(po domnant shedding froquency) similar # thoee low frequency conterts on figure 6.1.7. Asymmemy »
0ot obecrved for steady or penodie unsicady flows

For anch larger nepoct ratios than those considered hore, the wake mom likety develops inso either 3
MMMQ.MMMW&MWMNQM

span would probably not be purely soen for Uwvo-ds ional Bows around sn circular
eﬂlﬂwn’nﬁmw&nadmb Smmmﬁmmmumdm
vorticity sod the wpooding spanwist lati Hence, formation of cethutar vortical pamems (stall

M-)muwhdymmwmmhhmmmhuk-lu-(ﬂg\n
6.1.2) and those previously ropored by Winkelmann & Bardow (1980) aod Yon & Katx (1998)
Tho stability of the wake 13 also mfluenced by the Reynolds sumber In figure 6. 1.8, we notice that
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Figure 6.1.10: Top-port views of the wake vortices behind different plaafonn geometies & @ = 30° and
Re = 300 with the iso-surface of jal; =3 in light gray with vortex cores highlighted by the iso-sarface of
Q=3 in dark gray.
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Figure 6.2.1 1 Tumw toace of LAl snd iy cocflicients for rectangulir (=), elliptic (=), scmiciecutar
(==t a0d deltashaped (~—) planform & Re = 300 sed & = 30", The right twe figures magnify the
comeponding (carly-timme}

vhow that the ume of mnaxirtos LA & somewhat delayad 1o £° = 2 for the eltiptic and semicircular wing, in
comparison 10 £* % L7 for the roctangular plate of AR = 2. Nonetheiens, the plates experience 3 deop ia BA
dunt %0 Uhe separstion of the keading-edps vortices latar ia time. This detschenent is caused by the tsulficiens
spenwisc tasport (refease) of wenwise vorticity o sustain a stable attachnant of the icadiog-adze vortex
wndot pure traneltation.

While the vorticsl lowd are dilficrest for variows planform goometrce, the LNt sod drag excrted oa the
wings o ot chow significant venatons i figare 6.1. ll ‘nkntullldyhbhm-nndlb
fiows o ther low Reynolds ssmber e sddition, the pendas
¢ the vimilas values m forces. nammmuumumam*
The elabslity diagram presented in ligure 5.1.8 for the rectangular plaje would not earry sver 10 the cases of

planfomn due the diffinasce ) the infloence of the Up vortioes.

For Rappiog wing scrodvaemics, the wing kunematics restrets the wing stde and pensodacaty. I mch
_uumm-ﬁm#bu&—l&dnm:& Even & snall increase in

pocformance e¢ stalilé flow feshures can be of bencfit. Although tbe added affoct of roation or
peewise Bows sre not ko Ko socoust m thue stady, the wing planionn can be of anportance 13 we b
discussod i the non-rectangular cmes, M least without regand 0 RIVCIUA] COOSUAINts Or matsrverability.
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Fipars 6.2 1. A fow coniml setup shonen for an cxample of sctustion slong the leading edge in the down-
e following muemer:

& s-sﬁ-,/-:(l-ﬁ);-ll for0.5ax S lsf < 4 545,
dar = o ;-,/-:(g;)’.l] for ( $ 0.5, 13
otherwise,

o

The fonction ia shown hive for the 2-direction with 2 mesh widih of Ax This delta function is slso used in
the immened boundary projection method 1o represeet the immenid boundary.

The discre deka fenclion is sclecsed 10 vee (he smallost povsible width for the mcxsstos, which s
thwd*w For the currans acmisuns model. thers iv aot & direct analog for

Compansd
-umw«md«knwlwahwo.-‘i 1989, Dersisamny & Baoder 2006,
Holoway & Richardyon 2007), the current sloc widkh iss our simulations is stightly Lager. Nonotheless the
pecarut forciag function is wesd W explore cootrol techaiques at ths low Reypolds mumber.
mmummwnum«un-mnmmau
bovtdury force used in the i ry mecthod. The is posttionod 1A« from the plate o0
the mcticn sidde. melwmwdhnhmuhmuﬂm
Jownsiremy wy considured. 18 e present stiady, farcing dirocions arc stways set & be tangenttal w0 the
wing sufacs A pepeesentative flow soatrol setup is provided in ligwre 625

612 Swength of sctustion
The strength of G actusticn 1 weporied w B present study with the non-dimenusnal Domentrs coell-
cient:

& -%- z(i’,f)’ (%), wan

whare Usy s the actusior wolocity. To chamcieriog the actuator model, we simulate this steady blowing
with 3 prescribed L, b e jastially Quiesoen frme space. Once vrady stars ia schicved, the velocity a the
centes of foncing is seloctod s the charnctenutic velocity Usy. For example, [fue) = 01 corresponds 1o
Ve /U = 0.386 208 C,, w 1.0%.

Q‘\:\\ % ‘\

Figaro 6.1.12: Top-port views of the comvective taopon of speawise vomcily shows by the iso-ausface of
n-Vayl wSatr=s

For purely wanalating flighos, the iutially formed lesding-edge voriex does ot stay attachend for mast plas-
mmuw-ndmw As discussad in provious mudicon, & is mepecied it
Tottion it one of the main mock

Mnauu&wm\ymmh*k oaal dynsenics of the d
the low-ampoct e wi

Mm-mwunﬂwa-ﬂmuﬁd-‘:“-b—lu
increase if) o a8 canes.

€21 Actweter model

1n the following vitwiations, we muoduce » body frce 10 todel meady blowing. This time-snvariant force
hwﬁiuhb&lﬂlu:“tﬁp“h*a@mﬂu

I n)d(y-v;)l"( "-)r f 21

—d-uﬂdnhmu&dumor-&ﬂl 1), For the caras moded, adiitaon
of mass W the 1yvtom o aot taken into accovnt. Here L proscrides the streagih aned the disvciion of the
actusior. The location of (e sctiios s specified with (xe. v} @ the spanwise plane and b denotes the spag
mw.mu—n)om“uﬁwn representing 3 sip i) (he spsrwine
direction. 1 the compuations, the Dieac delua function, §{ ). W replaced by 3 iscerte deha hamcnian, (),
peoposed by Roma ¢t al. {1999) that regularizes the singulanty across § cells in both te x- and y-directions

Figare £.2.2 Forces an the plate with leading-edge actustion for Cy, = 0.10%, 0.51%, end 105 Solid me
daad Lines comespond 10 unactusted and actusted cases, rexpoctively.

Next, we catmider he strength of sctuation recuared 1o slter the flow fickd i s notocable meoncy Jn
erder 10 alter the dynamics af the waks vortices ia 3 low-Reynolds-pumber flow, ratber larpe values of C,
are selocted 1w gvercome the visoous effect {and due 30 the Large xiot width Liised by e gnd resolution).
Samsbard vehaes of the mocacotum coclficmnt = pest widus heve renged from C, = 0.01% w0 10% for sp-
plications of scady blowing on wings (Lee ot sl 1949, Duralsaary & Biseder 2006, & Richard
2007). To Wumrats tw change in 06 forees exerted Lpoo the mwmmm-m
putar plete of AR = 2 a8 @ = 30° and Re = 300, This exampile ix chosen as the wing i¢ 5t very high poa-eai
md“mw“d*nﬁu&-dmmh*hu
mwmﬂmmm Actustion slong the loading edge in the downatremn
doection witk C,, « 0.10%, 0.51%, and 1,0% arx consideod.

Figure 622 cxhibics the changes in the Jif) and deng forces smulung from the leading-edgs scnuteon
with vryig Cy. With an acrustion effon of C = 0.10%, thare are no proncunced changes it the (orves.
As the momentum coctfiownl o mcreanod 10 0.51%. lifl war 10 show werosss from the unschustod cme.
ka“‘u-hﬁwhhmw‘l in comparison W the Nl i
n—;mc,alm- mcreass i Uft of 33 8% b obseevod at tarye tie 1o 3 inc-average
wnso  Stemdy M“-Whm-wuﬁmmu
JiGal¥ siad0 /4 -M.Ut \bis vadoe od o the vertical foroes.
hm&uwmwdq-lﬂwuwum”—
example probiem. Once # favonahle setup for Bow coatiol i identified, other caxations are examined tater
1 his paper.

€23  Lecation sad dirretion of sclustion

Below we conaider the application of scady dlowing akimy the leading sdge. midkchand, and tralling odge
2 the spvoran, mdcwayt, and dowrmyean directions with €,y = 1.0%. Hose, forcing dircctions ane ks
uu W the surface of the plate for sll cavex. For cxample, dowtwand actustics would be spplied
= llgovad, ~sinad,). Sidewnys actarion # direxiod eorward from the midspas 10 the s of
‘em A colleation of W anct drag histecics from the congolied ferwa ere presentod m figre £2 1.
mwmmnmmmummuumumm Lty
s incrensed with & Uowing, as the d flow structures becommie claser b0 the surfice of the
piste. The comepondimg v-tu—nihwuhnﬂq-—u-d'lwm
23 menbooed 1 the previous secnon. The.

mﬂ-ﬂhwmmmﬂMumhmu—hhh“w)ﬁ
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Midchord

Trailing-edge
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Figure 6.2.3. Lift and desg histories for cascs of leading-edge, midchond, sod mailing-edge actuation with
Cy ™ 1.0% applied 0 the separated flow around a rectanguiar plate of AR = 2 2 @ @ 30” and Re = 300,
Solid sod dash lines correspond to unactuated and actusted cases, respectivaly.
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() no contrel (b) midchoed actuation (<) wailing-edge actuation

Figuee 6.24: (Top) Suapehots of the tarpe-time wake around 3 rectanguisr wing of AR = 2 o @ = 30" and
Re = 300. (Bowom) Corresponding time-averape pressure distribution and sreamiines along the midspan.
Prossuse contout levels arg set from -0.3 10 0.3 in incroments of 0.04 with the negative peessure shown by
the dached lines. Asrows ndicate the location of acrastion.

and & the trailing edge Similar ¥ the flow visualizati yod in figure 6.1 2, rop
of the wako vortices a Large time (ULs/c = 70) with and without sctuation are dhustrated in Gigune 6.2.4
with the iso-surfnces of ks = 2 and Q = §. Also preented are the ime-gvetage pressure fickds and the
wreamlines along the midspaa.
mwmmmwmwuh&nﬂ@wﬁ -ndupwr-
Gees with the dominant flow monly ng of the leading- and waiing-odge vortices. For the
mwmwmuhmmnm’mmhmmwm
formed by enguifing the vortex shest from the trailing edge. The downstream blowing al<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>